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Summary
Actuator failures onboard spacecraft often lead to unsatisfied control performances or 
even the lose of the whole mission. The aim of this thesis is to find an optimal and 
generic backup strategy for attitude control in the case of actuator failure.
With UoSAT-12 as an example, two existing backup strategies are compared using 
different combinations of the remaining magnetorquers and reaction wheels. The ’’con­
stant gain like” control law shows poor performances when actuator fails. A Lyapunov- 
based discontinuous control law is modified with the consideration on capacity of ac­
tuators and adopted for underactuated attitude control with two reaction wheels. The 
simulation results indicate that Lyapunov-based underactuated attitude control law 
can achieve better performances and is promising to deal with actuator failures.
To improve the performances, two new underactuated attitude control laws are pro­
posed based on feedback linearization technology. The two new underactuated attitude 
control laws can provide higher accuracy and faster attitude response. However, ro­
bustness and attitude tracking are still problems for underactuated attitude control 
design.
Nonlinear Hoo theory is utilized in this thesis to further improve the performances of 
underactuated attitude control since it can deal with external disturbances and un­
modeled errors. A new energy-compensation based approach, which can guarantee a 
solution of Hamiltonian-Jacobi-Isaacs (HJI) equation for a controllable system, is pro­
posed. Its applications on UoSAT-12 fully active attitude control show that the control 
law via this approach needs smaller control inputs but against larger disturbances com­
pared with existing approaches. It is also proven both mathematically and numerically 
with cascade discontinuous control law as an example in this thesis that nonlinear Hoo 
theory can be used to improve control accuracy against disturbances and to estimate 
the region of convergence. Based on that, new underactuated attitude control laws 
are proposed via different approaches of solving HJI inqualities. The simulations with 
two reaction wheels onboard UoSAT-12 indicate that nonlinear Hoo control design 
is a much simpler way for underactuated attitude control problem. It can not only 
stabilize the attitude of the satellite, but also solve the problem of attitude tracking. 
It also shows that the control laws based on nonlinear Hoo theory can attenuate the 
disturbances from both external environment and un-modelled system errors. It pro­
vides a systematic approach with well defined methods for specifying performances and 
capacities of onboard actuators.
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Chapter 1
Introduction
In this thesis, the problem of underactuated attitude control of small spacecraft will be 
addressed. Underactuated attitude control means realizing three-axis stabilization with 
less than three independent control inputs. Its main objective is to find an optimal and 
generic backup strategy for attitude control when onboard actuators fail. In order to 
achieve this objective, different backup strategies and control methods will be reviewed 
and investigated. After comprehensive comparisons, an easy-to-follow and systematic 
design method for underactuated attitude control will be presented. Prior to the pre­
sentation of the detailed control strategies, the research background and motivation are 
explained first in this chapter.
1.1 Research Background
The Attitude Determination and Control System (ADCS) is critical to every satellite, 
especially those seeking high performance within constrained costs. The task of ADCS 
is to drive a satellite to a desired orientation or to track a desired trajectory. It consists 
two parts: attitude determination and attitude control. The former one provides the 
orientation information by the measurements of sensors and filter algorithms; the later 
one changes the orientations of spacecraft using actuators. The main structure of an 
ADCS is summarized in Fig. 1.1.
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A t t i tud e  D e t e r m i n a t i o n  S y s t e m
At t i tud e  C o n t r o l  S y s t e m
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S e i c c l i o n  L o g i c
At t i tu de
C o m m a n d
A t t i tu d e  S e n s o r  
M e a s u r e m e n t s
A c t u a t o r s
A t t i l u d e  E s t i m a t i o n  
( e . g . ,  E x t e n d e d  
K a l m a n  F i l t e r )
E n v i r e m e n t a l
D i s t u r b a n c e s
Figure 1.1; Attitude Determination and Control System
For 3-axis stabilization of spacecraft, usually at least three actuators are needed, which 
are installed in three principal axes [Wertz, 1978, M.J.Sidi, 2000]. Normally, in order to 
get rapid manoeuvres or precise orientations, the most popular actuators for attitude 
control are momentum exchange devices and thrusters. In the first case, the satel­
lite moves by internal momentum transfer via a momentum conservation law; while 
in the second case, the satellite changes its attitude by reaction forces that generate 
actual external torques. Except for these two types of actuators, magnetorquers are 
commonly used for coarse pointing, momentum government and disturbance compensa­
tion. However, the most critical problem of these actuators is the reliability, especially 
for momentum exchange devices and thrusters since they are easy to fail. In order to 
fulfil the spacecraft mission in case of actuator failure, it is necessary to investigate the 
in-orbit failures and backup strategies of attitude control system.
1.1.1 In-orbit Failures and B ackup S trateg ies o f A ttitu d e  C ontrol
Actuator failures are very commonly seen on various spacecraft, such as International 
Space Station (ISS) and the Hubble space telescope [Sat]. In this subsection, only typ­
ical failure events and corresponding backup strategies of four spacecraft are reviewed, 
including the Bi-spectral Infra-Red Detection (BIRD), the Far Ultraviolet Spectroscopic 
Explorer (FUSE), the Microwave Anisotropy Probe (MAP), and the UoSAT-I2.
The BIRD micro-satellite was built by German Aerospace Centre (DLR)[Sat]. The 
main actuators for its attitude control include magnetorquers (3 pairs) and 4 reaction 
wheels (3 orthogonal and I with skew angle 54.7 degrees). BIRD was 3-axis stabilized
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and pointing to the nadir direction with the accuracy requirement of 5 arcmins (0.083 
degrees). BIRD was operated nominally until Feb. 14, 2004, when two of the four 
reaction wheels failed. After this incident, momentum unloading and ’’attitude control” 
are now being substituted by the magnetorquers. However, the performance of the weak 
torquers (not intended for this functional support service) is generally not sufficient to 
keep the spacecraft point to the nadir direction. Operational problems are encountered 
whenever insufficient solar energy is available due to adverse attitude conditions.
The recovery of FUSE space telescope is another good example. FUSE was equipped 
similar main actuators with BIRD. The science objectives required the satellite to 
provide inertial pointing at arbitrary positions on the sky with sub-arcsecond accuracy 
and stability. After yaw and pitch reaction wheels failed, the remaining roll and skew 
reaction wheels and magnetorquers are chosen for high precision inertial pointing. At 
first, the skew wheel was reconfigured to control pitch axis, and magnetorquers were 
used to control yaw axis and counteract the torques applied by skew wheels in yaw and 
roll axes. The result was that the yaw axis could only be controlled to a few degrees, 
which was far away from the mission requirement, and the power was consumed a lot; 
then a more extensive modification of control algorithm was prepared. The control 
system coordinate axes were redefined to decouple the torque produced by the skew 
wheel from the torques produced by the magnetorquers. Although this algorithm can 
achieve an acceptable attitude precision and effectively reduce the power consumption, 
it still cannot provide a satisfactory attitude precision since the torques provided by 
magnetorquers are usually noisy, non-smooth and not always available.
The third example is the MAP, also known as Wilkinson Microwave Anisotropy Probe 
(WMAP), which was a deep space telescope located at the Sun-Earth L2 Lagrangian 
point. Due to the mass and power limitation, the MAP telescope only had three reaction 
wheels and eight hydrazine thrusters. After one reaction wheel fails, the remaining 
actuators, i.e. thrusters and two reaction wheels, are used to achieve control goals 
of 22.5 ±  0.25 degrees and minimize adverse impacts on the functionality of other 
subsystems. As a result, original requirements of attitude control are no longer feasible 
and new observation modes are obliged to be adopted to fulfil the science mission. On 
July 12, 2007, after MAP’s final reaction wheel failed and efforts to restart it were
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unsuccessful, the MAP mission was terminated.
The last example is the UoSAT-12 mini-satellite, which was developed by Surrey 
Satellite Technology LTD (SSTL) and launched in 1999 [Chen, 2000]. Actuators on­
board UoSAT-12 include three orthogonal reaction wheels, magnetorquers and cold gas 
thrusters.The worst pointing accuracy was within 1 degree. UoSAT-12 lost one of its 
three reaction wheels. In order to fulfil the mission of ground target tracking, two 
combinations of the remaining actuators were employed: the first one is to combine x-, 
y-axis reaction wheels with z-axis cold-gas thrusters; the second one is to only utilize 
X -  and y-axis reaction wheels. The results are surprising since the two-axis control in 
the second combination can obtain same attitude precision as the first one with the 
assumption that the yaw angle was constant. Later, the cold gas totally run out. The 
attitude control with thrusters became impossible as well.
1.1 .2  Lessons Learned from  A ctu ator  Failures
Through the examples of in-orbit actuator failures and corresponding backup strate­
gies, it can be found that hardware redundancies are traditionally utilized to improve 
the odds of mission success. However, hardware redundancies are not always feasible 
due to the limitations of mass, power and cost of spacecraft, especially for small space­
craft. In addition, hardware redundancies are not always efficient since they may also 
fail. Another traditional method to deal with actuator failures is the hybrid control, 
which utilizes remaining actuators to take place failed ones in the underactuated axis 
with small modification of the gains of control algorithms. Through the hybrid control, 
stabilization of the spacecraft can be obtained, but only with low accuracy since mag­
netorquers cannot generate exactly required torques, and thrusters only have limited 
propellant.
Different missions have different requirements on the accuracy of attitude control. Some 
astronomy observation missions, like FUSE, require quite high accuracy up to sub- 
arcseconds; Some missions, like BIRD and WMAP, allow lower accuracies around one 
arcminute. For experimental satellites, like UoSAT-12, accuracy of 1 degree is also 
acceptable. Meanwhile, some missions, like WMAP, require fast maneuver capability
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since observation modes are switched during 1 orbit.
Hybrid control with magnetic actuators could work in some missions that only require 
low accurate attitude control, at the cost of much higher computational load. The com­
putation for attitude control with magnetic actuators consists of two parts in one cycle: 
first, magnetic field strength needs to be obtained through reading from magnetometers 
or International Geomagnetic Reference Field (IGRF) model based on the knowledge of 
satellite position; then magnetic dipole moment has to be calculated. Control torques 
are generated by the interaction between the calculated dipole moments and the geo­
magnetic field. This high computational burden leads to long onboard processing time, 
which will decrease control frequency and accuracy. Furthermore, the magnetic field 
surrounding magnetorquers are influenced by other onboard electronics; the resistances 
of magnetorquers change with the temperature. Because of above reasons, the exact 
control torques cannot be obtained. Therefore, for missions with high attitude control 
requirement, hybrid control with magnetic actuators is not an option. For hybrid con­
trol with thrusters, it only can be considered when propellant is available. According to 
the review of above missions, the requirement for the attitude control performance when 
actuator fails is set as 1 degree pointing accuracy and 1 orbit ( round 6000 seconds) 
settling time.
Therefore, neither hardware redundancies nor hybrid control could provide satisfactory 
performance, it is necessary to find out other ways to fulfil the spacecraft mission in case 
of actuator failure. A surprising discovery from the case of UoSAT-12 is that only two 
actuators are able to obtain satisfactory control performances under certain constraints. 
This phenomenon, called underactuated control, is a software based control solution 
that can achieve 3-axis stabilization or tracking. This is the topic of this thesis.
1.2 Problem  Statem ent and Research Objectives
In the last decade, the problem of underactuated attitude control has received consid­
erable interests. Underactuated attitude control means to use one or two actuators to 
realize three-axes stabilization or tracking. This stems not only from a theoretical point 
of view but also from the practical value of the results. On the theoretical perspective.
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it has been established that underactuated attitude systems have strong nonlinear prop­
erties and hence solutions based on linearization are not practical; on the other side, 
underactuated attitude control only needs less than three actuators onboard, which is 
more valuable for dealing with the failure of actuators.
Underactuated control seems to be a potential and promising way to fulfil spacecraft 
mission in the presence of failure. However, new problems appear: Can underactuated 
attitude control provide better control performance compared with explicit backup 
control strategies? How to realize underactuated attitude control in practice?
This thesis aims to answer the above questions. The objectives of this research are:
• Explore an optimal backup control strategy to deal with actuator failures;
• Examine the performances of existing underactuated control methods;
• Investigate the possibilities to improve existing underactuated control methods;
• Develop an easy-to-follow and generic design method for underactuated attitude 
control, which could bring robustness to the system.
1.3 Literature Review
The first paper that sparked people’s interests on spacecraft underactuated attitude 
control studies this problem with both thrusters and reaction wheels [Crouch, 1984]. 
An analysis of the controllability of a spacecraft with two independent control torques 
is performed in this paper. A necessary and sufficient condition for the controllability of 
a spacecraft with control toques supplied by thrusters on only two of its three principal 
axes is that the uncontrolled principal axis is not an axis of symmetric of the space­
craft. In the case of momentum exchange devices, controllability is impossible with 
fewer devices. In addition, the spacecraft with only two actuators cannot be asymptot­
ically stabilized to any equilibrium attitude using a time invariant continuous feedback 
controller. Using local controllability results, an algorithm that locally asymptotically
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stabilizes the spacecraft to an isolated equilibrium is proposed. The algorithm is ex­
tremely complicated and is based on Lie algebraic methods. The algorithm yields a 
piecewise constant discontinuous control.
Stabilization by smooth feedback control has been investigated in [Brockett, 1983]. It 
is shown that by finding a Lyapunov function the angular velocities may be stabilized 
locally with two control torques. It is also pointed out that some systems, which fail 
Brockett’s necessary condition for the existence of smooth feedback control, cannot be 
stabilized by continuously differentiable, time invariant, state feedback controllers. The 
stabilization problem for a class of nonlinear systems is considered in the neighborhood 
of an equilibrium point in [Aeyels, 1985a]. The nonlinear system can be reduced to 
a low order system by means of centre manifold theory, and then stabilization can be 
discussed using the reduced system. No resort is taken to Lyapunov theory. Euler’s 
angular velocity equations, which can be made asymptotically stable by two torques 
(each applied along a principal axis), is used as an example in this paper. The same 
author address the problem of feedback stabilization of null solution of Euler’s angular 
velocity equations using one torque aligned with a principal axis [Aeyels, 1985b]. It 
is shown that there exists a smooth stabilizing feedback controller if the moment of 
inertia of the rigid body along that principal axis is either larger or smaller than the 
remaining two. This controller is robust relative to changes in the parameters defining 
the controller, however, it is still not asymptotically stabilized. In [Aeyels, 1988], it 
is further proved that the Euler’s angular rates equations can be globally stabilized 
by means of a purely linear feedback when there is only one control torque which has 
non-zero components with respect to the principal axes.The controller construction in 
this paper requires that the body of the spacecraft has no symmetry axes. Prom the 
point of view of energy, Bloch and Marsden [1990] derive a controller that stabilizes a 
uniform rotation of a rigid body about its intermediate axis using a single torque about 
its major or minor axis. Andriano [1993] states that the angular velocity equations of 
a symmetric rigid body can be globally stabilized by means of linear feedback when 
two control torques act on the body. Attention should be paid that the symmetric axis 
must not be the underactuated one.
In [Byrnes and et al, 1988], authors give an analysis and simulation of asymptotic prop­
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erties of varies closed-loop trajectories of the rigid body model of a controlled spacecraft. 
The spacecraft can be locally controlled but not locally asymptotically stabilized about 
reference attitudes with two actuators aligned two principal axes. Although it can not 
be locally asymptotically stabilized about the equilibrium, it is still possible-using a 
nonlinear enhancement of root-locus theory to stabilize the motion about an attractor 
representing a resolute motion about the third principal axis. The speed of conver­
gence is slow and doesn’t increase with the gains in controllers. This was also proved 
in [Byrnes, 1991].
The attitude stabilization of a rigid spacecraft using control torques supplied by gas 
jet actuators about only two of its principal axes is considered in [Krishnan and et al, 
1992, 1994]. First, the case where the uncontrolled principal axis of the spacecraft is 
not an axis of symmetry is considered. In this case, the complete spacecraft dynamics 
are small time locally controllable, which means any states close to the equilibrium 
point can be reachable with arbitrarily small amounts of time by paths that stay near 
the equilibrium point. However, the spacecraft cannot be asymptotically stabilized 
to an equilibrium attitude using time-invariant continuous feedback. A discontinuous 
stabilizing feedback control strategy is constructed which stabilizes the spacecraft to 
an equilibrium attitude. Next, the case where the uncontrolled principal axis of the 
spacecraft is an axis of symmetry is considered. In this case, the complete space­
craft dynamics are not even accessible. However, the spacecraft dynamics are strongly 
accessible and small time locally controllable in a reduced sense. The reduced space­
craft dynamics cannot be asymptotically stabilized to an equilibrium attitude using 
time-invariant continuous feedback, but again a discontinuous stabilizing feedback con­
trol strategy is considered. In both cases, the discontinuous feedback controllers are 
constructed by switching between one of several feedback functions. Under actuated at­
titude control for a symmetric spacecraft is under consideration in [Sordalen and et al, 
1992, Tsiotras and M. Corless, 1993, Tsiotras and et al, 1995, Tsiotras and Luo, 1997, 
Tsiotras and Doumtchenko, 2000, Bloch and Drakunov, 1994, 1996, N.M.Horri, 2004]. 
Both stabilization and tracking problem are under the assumption that the initial spin 
rate about the symmetry axis is zero.Regarding the problem of attitude stabilization, 
in [Tsiotras and M. Corless, 1993, Tsiotras and et al, 1995], using a new kinematic
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formulation, authors construct an invariant manifold for the closed loop system with a 
specific feedback law. Then a stabilizing control law is derived based on this manifold 
and it can achieve arbitrary reorientation of the spacecraft.This controller, in partic­
ular, it is not continuous at the equilibrium, and may require significant amounts of 
control efforts, especially if the initial conditions are close to an equilibrium manifold. 
A controller is then proposed in [Tsiotras and Luo, 1997] that reduces the control effort. 
The state space of the system is divided into two parts, one corresponding to initial 
conditions producing large control effort (the ’bad’ region) and the other corresponding 
to initial conditions producing small control signals (the ’good’ region). The proposed 
controller drives the trajectories of the closed-loop system away from the singular equi­
librium manifold (’bad’ region) and into the good region. No a priori bounds on the 
control input, however. In [Tsiotras and Doumtchenko, 2000], a small and bounded 
controller is proposed. This controller forces all closed-loop trajectories in a region of 
the state space. Under the same assumption, and look the two angular velocities as 
control inputs, the kinematic model of spacecraft can be written as a driftless system, 
which system won’t be moved without any control inputs. In [Bloch and Drakunov, 
1994, 1996], as an example, authors use an approach based on sliding mode control to 
design a feedback which stabilizes the origin for a class of nonlinear system introduced 
by Brockett [1983], which fail his necessary condition for the existence of smooth feed­
back. In [Sordalen and et al, 1992],the kinematic equations can be transformed into 
the same model structure as the one used to describe a mobile wheeled robot with two 
degrees of freedom. The constraint for the transformation is that the angular velocity 
around the third axis is zero. Then a piecewise continuous feedback law can be used as 
in the mobile robot case with exponential convergence to stabilize the attitude of the 
rigid body. The tracking problem is also solved in [Tsiotras and Doumtchenko, 2000] 
and the proposed controllers achieve asymptotic stability with exponential convergence. 
A methodology for generating feasible trajectories using the fact that the system is dif­
ferentially flat is introduced in [Tsiotras, 1999, Tsiotras and Doumtchenko, 2000]. The 
stabilization problem for a non-symmetric spacecraft in case of one actuator failure 
turn out to be much more challenging. A time varying locally stabilizing control law 
for the satellite about a goal orientation is presented in [et al, 1994]. A continuous feed­
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back controller with a periodic time varying term is derived in [Godhavn and Egeland, 
1995], which can achieve a global exponential convergence. In [Coron and Kerai, 1996], 
authors construct explicit time-varying feedbacks that locally asymptotically stabilize 
the attitude of a rigid spacecraft by switching two different controllers. Another explicit 
smooth time-varying feedback which locally asymptotically stabilize the attitude of a 
rigid spacecraft is proposed in [Morin and et al, 1995]. Due to the smoothness of the 
controller, the stabilization is not exponential and the asymptotic convergence rate 
to the desired equilibrium is only polynomial in the worst case. Nevertheless, expo­
nential convergence can be obtained by considering time-varying feedback which are 
only continuous at the equilibrium. Morin and et al [1995, 1997] propose explicit feed­
back controllers of this type. Discontinuous controllers are presented in [Tsiotras and 
Luo, 2000]. New feedback controllers based on sliding mode are provided in [Kim and 
Youdano, 2000] and the proposed controllers can make the system globally asymptoti­
cally stable.
It is well known that three momentum wheel actuators can be used to control the atti­
tude of a rigid spacecraft and that arbitrary reorientation maneuvers of the spacecraft 
can be accomplished using smooth feedback. If failure of one of the momentum wheel 
actuators occurs, it is demonstrated that two momentum wheel actuators can be used 
to control the attitude of a rigid spacecraft and that arbitrary reorientation maneuvers 
of the spacecraft can be accomplished [Krishnan and et ah, 1992, 1995]. Although the 
complete spacecraft equations are not controllable, the spacecraft equations are small 
time locally controllable under the assumption that the total angular momentum is zero. 
The reduced spacecraft dynamics cannot be asymptotically stabilized to any equilib­
rium attitude using a time-variant continuous feedback controller, but discontinuous 
feedback control strategies are constructed which stabilize any equilibrium attitude 
of the spacecraft in finite time. Consequently, reorientation of the spacecraft can be 
accomplished using discontinuous feedback control[N.M.Horri, 2004]. Under the same 
assumption,a feedback controller with time varying terms is introduced in [Yamada and 
Yoshiwa, 1998, N.M.Horri, 2004], and stability of the closed-loop system is analyzed 
after a linear transformation. The result of numerical simulation show the system ro­
bustness to a time delay in the control loop of the wheel speeds. In [Takateru Urakubo
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and Tsujita, 2004, N.M.Horri, 2004], the behavior of the controlled system is investi­
gated when the angular momentum of the system is not zero but small. In this case, 
the system converges to either a limit cycle or an equilibrium point which is not the 
desired point; however, in both cases, the error in attitude remains small. Recently, a 
new method, named ’’shape change”, is also used to solve this problem [et al, 2005].
Practical difficulties of underactuated attitude control with both two pairs of thrusters 
and two reaction wheels are investigated in [N.M.Horri, 2004]. In-orbit demonstration 
the possibility of using only two control torques for 3-axis stabilization of a satellite 
with the existing control designs.
Compared with gas jet actuators and reaction wheels. Control Moment Cyroscopes 
(CMCs) have very high torque capacity, which will increase the maneuverability of 
the spacecraft. How to control the attitude of spacecraft when failures of CMCs 
exist is under investigation based on Lyapunov analysis in [C.Han and A.N.Pechev, 
2007] [J.R. Zhang and Zhang, 2008] [A.R. Mehrabian and Khorasani, 2009].
1.4 Contributions of the Thesis
This thesis extensively investigates the attitude control problem of small spacecraft in 
the case of actuator failure. The main contributions of this thesis are summarized as 
below:
• The performances of different attitude control strategies in the case of onboard 
actuator failure are comprehensively studied, and the optimal strategy is identi­
fied;
• The applications of existing underactuated controllers are extended from other 
fields to spacecraft attitude control, and two new underactuated attitude con­
trollers are proposed based on feedback linearization technology;
• The performances of nonlinear Hoo controllers on spacecraft attitude control are 
studied, and a new energy-compensation based approach to solve the Hamiltonian- 
Jacobi-Isaacs (HJI) inequality is proposed, which is the key of iJoo control;
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• The principle of nonlinear Hoo theory is utilized to improve the pointing accu­
racy of existing underactuated controllers against disturbances and un-modeled 
uncertainties;
• A systematic and generic architecture is developed for designing new controllers 
for underactuated attitude systems based on nonlinear Hoo theory, and new 
underactuated attitude controllers are designed via different approaches of solving 
HJI equations.
1.5 Structure of the Thesis
The structure of this thesis is organized as follows:
• Chapter 2 investigates traditional backup strategies in case of actuator failure. 
The control performance is studied based on the configuration of UoSAT-12 space­
craft, where the actuators consist of three reaction wheels and three magnetor- 
quers. With the assumption of one reaction wheel failure, two backup schemes 
are compared. One is to combine two reaction wheels with two magnetorquers; 
and the other one is to use only three magnetorquers. The results obtained in 
this chapter provides a basis for comparing traditional strategies with the more 
advanced underactuated control only with two reaction wheels.
• In Chapter 3, the effects of underactuated attitude control are studied, based 
on UoSAT-12 with the remaining two reaction wheels. For inertial pointing, 
the discontinuous Lyapunov-based underactuated attitude control, proposed by 
Tsiotras etc, is modified and tuned to be used with two reaction wheels. For nadir 
pointing, a simple LQR control design is utilized since the dynamic and kinematic 
system is controllable. Simulations are carried on to show the effectiveness of 
underactuated attitude control as well as its limitations.
• Chapter 4 further investigates the under actuated attitude control. In order to find 
out better underactuated attitude control designs, existing underactuated control 
methods in other application fields are reviewed in this chapter. Then feedback
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linearization technology is adopted to derive two new underactuated attitude 
controllers for UoSAT-12. The effectiveness of the two new control designs is 
validated through numerical simulations. The numerical simulations also indicate 
robustness is important for underactuated attitude control design.
• In Chapter 5, another possible method for underactuated control, the nonlinear 
Hoo control, is comprehensively studied. The theoretical background of nonlinear 
Hoo control is introduced, followed by a review of existing solutions for nonlinear 
HJI inequality, which is the key of nonlinear Hoo control design. A focus of this 
chapter is a new energy compensation based approach to solve the nonlinear HJI 
inequality. The principle and procedure of this approach are described, as well as 
the derived new control design method. Comparison of the energy compensation 
based approach with existing approaches is made through the attitude control of 
UoSAT-12 with three reaction wheels.
• The approach of using Hoo theory to improve the robustness of existing underac­
tuated controllers is proposed in Chapter 6. Discussions in Chapter 3 and Chapter 
4 indicate that it is necessary to improve the robustness of existing underactu­
ated controllers. On the other side, the nonlinear Hoo control shows promising 
capability in spacecraft attitude control. Here, based on the principal of nonlin­
ear Hoo theory, two propositions are made for the Lyapunov-based discontinuous 
controller. It is proved mathematically that the controller satisfying these two 
propositions respectively can stabilize the underactuated attitude system locally 
or globally. Numerical simulations further prove the capability of nonlinear Hoo 
control to improve the pointing accuracy of underactuated attitude control against 
external disturbances and system uncertainties.
• The potential of nonlinear Hoo design for underactuated attitude control is fur­
ther explored in Chapter 7 by proposing new underactuated attitude controllers 
based on nonlinear Hoo theory. Except for successive Galerkin approximation, 
other three approaches investigated in Chapter 5, i.e. Taylor series approxima­
tion, state dependent Ricatti equation, and the proposed energy-compensation 
based approach, are utilized respectively to develop nonlinear Hoo controllers for
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underactuated attitude system with two reaction wheels. Both pointing problem 
and tracking problem are discussed. The performances of the new controllers 
are compared with each other through the numerical simulations of UoSAT-12. 
In addition, these new controllers are compared with the Lyapunov-based dis­
continuous controller. The results validate that nonlinear Hoo is a robust and 
systematic approach to design underactuated attitude control system.
• At the end, conclusions are made and future work is suggested as well in Chapter
Chapter 2
Conventional Strategies for 
A ttitude Control in the Case of 
Actuator Failure
Traditionally, attitude control of spacecraft is implemented by combining the remaining 
and functional actuators in the case of actuator failure. In this scenario, however, high 
and low gain, and high and low bandwidth actuation is combined together leading often 
to unsatisfactory performance. In addition, a technology called underactuated control 
also can be used, where a full 3-axis control is achieved by using fewer control inputs 
than the degrees of freedom.
In order to identify the most suitable control strategy, traditional strategies in the case 
of actuator failure are investigated in this chapter. The control performance is studied 
based on the configuration of UoSAT-12 spacecraft, where the actuators consist of three 
reaction wheels and three magnetorquers. In the case of one reaction wheel failure, 
two backup schemes can be utilized: one is to combine two reaction wheels with two 
magnetorquers; and the other one is to use only three magnetorquers.
The results obtained through this investigation provides a basis for comparing tradi­
tional strategies with the more advanced underactuated control. The later one will be 
developed in later chapters of this thesis.
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2.1 M odels of UoSAT-12
UoSAT-12 is a mini-satellite built by Surrey Satellite Technology Limited (SSTL) in 
the United Kingdom (UK). It has been designed for high performance 3-axis attitude 
determination and control, using three reaction wheels along three body axes. Other 
actuators mounted on UoSAT-12 are three magnetorquers for satellite angular detum­
bling, disturbance compensation and momentum management of reaction wheels, and 
thrusters to provide relatively large torques for fast attitude control, or even for orbit 
control. In 2000, UoSAT-1 2  lost a reaction wheel along the z-axis of its body frame, 
thus good performances of 3-axis control by conventional controllers are no longer pos­
sible. Attitude control with several degrees pointing errors was achieved with two 
available reaction wheels and thrusters along z-axis but soon the cold gas consumed 
by thrusters went out. After the reaction wheel failed and cold gas run out, the most 
possible combinations of the remaining actuators for fully 3-axis attitude controls are: 
three magnetorquers along three body axes, or two reaction wheels and magnetorquers.
In order to obtain best attitude control performances with traditional approaches and 
then to compare with the underactuated attitude control, a practical and computation­
ally efficient control algorithm is adopted and applied to the design of control law in 
this chapter. Before proposing the control algorithm, the kinematic and the dynamic 
models of UoSAT-12 are given first.
2.1 .1  C oordination  defin itions
Several different coordinations will be used to describe the attitude of spacecraft. The 
coordinates are defined as below:
Earth Centrad Inertial (ECI) coordinate (O jX jYjZ j): The origin of the coordinate 
is located in the centre of the Earth with Z-axis pointing to the North pole, X-axis 
pointing towards Vernal Equinox and Y-axis completing the right-hand rule.
Orbit coordinate (OoXoYoZo): The origin coincides with the mass centre of the spacecraft,Z-
axis is pointing to the centre of the Earth, Y-axis is along the direction of orbital angular
rate, and X-axis completes the right hand system.
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Satellite body coordinate(ObXbYbZb): This coordinate is fixed with spacecraft. The 
origin is placed in the centre mass of the spacecraft. Three axes are defined to simplify 
the kinematic equation and also obey the right hand rule.
Definitions of ECI and orbit coordinates are shown in Fig. 2.1.
Figure 2.1: Definitions of Coordinates
2.1.2 K in em atic  m od el
In order to decrease the number of model variables, Gibbs is chosen to represent space­
craft attitude [Wen and Kreutz-Delgado, 1991]. Gibbs is often seen as an improvement 
of the well-known quaternion parameters with reduced number of 3 parameters instead 
of 4 quaternions:
9i = — {i =  1,2,3)
94
here % is the z-th vector and % is the scalar of quaternions, and gi are Gibbs.
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The kinematic model of spacecraft described by Gibbs can be written as:
gi = 2 1 2 
^  glS2±g3^^
2 ^3
9293-91 ^-U>39 2 =  2
+  -^ W 3
(2.1)
— <71.93-92 “  2
Here w* stand for angular velocity of spacecraft.
<71+.92.93 . _i_ l±£i,
2.1 .3  D ynam ic m od el
UoSAT-12 is a low-orbit Earth observation spacecraft. In the low orbit, the main 
environmental torques acted on the spacecraft are gravity torque, aero dynamic and 
magnetic torque. The dynamic equation of a rigid satellite with three reaction wheels 
can be written as:
IÙ -|- h T w X (Jo7 h) = Ng 4- Njji 4- Nd (2.2)
where I  is the moment of inertia of the spacecraft, uj the angular velocity in the body 
frame referenced to Earth centered inertial frame, h the torque produced by reaction 
wheels, h the angular momentum of reaction wheels, Ng the gravity torque, Nm the 
magnetic torque, Nd the environmental torques except gravity torque and magnetic 
torque. Equation (2.2) can be expanded as:
I l ù i  =  —h i  — {Is — l2)^2^3 ~  hsUJ2 T  ^2^3 T N gi 4" N m l  4- N dl
I 2ÙJ2 — —h 2 4" (I3 “  li)+ ’i+’3 T hgwi — h iu s  4- N g2 4- AGi2 4- N d2 (^-^)
I3+73 =  —hs — {I2 ~  I i ) ^ i^ 2  T  hiLü2 — h2UJi 4" Ngs  4- AGis 4- Nds
The relationship between the satellite angular velocity Woi, Wo2 , in the Earth orbit
frame and the angular velocity lj in the body frame is:
(2.4)
where A^o is the direction matrix from Earth orbit frame to the satellite body frame and 
Uo represents the orbital angular rate. Using Gibbs parameters to model the attitude.
^ol 0
w = Wo2 +  -Afco -Wo
^o3 0
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the direction cosine matrix A^o can be written as:
■^bo —
9 i  — 92 ~  93 d -^  
‘^ { 9 1 9 2  — 9 3 ) 
‘^ {9 1 9 3 + 9 2 )
2 (piP2 +  93)
-9 i +  92 “  9 s +  1
2 (9 2 9 3 - 9 1 )
2(9193 -  92) 
2(9293 +  91)
■9i^ 92 + 9 3  +  1
(2.5)
Here direction cosine matrix A^o stands for the rotations from orbital coordinate to 
spacecraft body coordinate. The columns of matrix A^o are the axes of the orbital 
coordinate expressed in the body coordinate. Under the assumption of small attitude 
errors, the direction matrix can be simplified as:
Aho =
1 2gs — 2p2
—293 1 2gi
292 — 2fi'i 1
(2.6)
Then the equation (2.4) can be rewritten as:
Wol 1 293 —292 0 Wol — 2psWo
w = Wo2 + -293 1 291 —Wo Wo2 — Wo
WoS 292 - 2 9 1 1 0 Wo3 +  2pl Wo
(2.7)
Insert equation (2.7) into equation (2.2), the dynamic model of the satellite in orbit 
frame is:
AWol =  [(/l +  Is — 1 2 ) ^ 0  +  2^]Wq3 +  2[(/3 — 1 2 ) ^ 0  +  Wo/l2]9l 
+W0/13 — W02/13 — hi Ngi +  Nml +  Ndl 
/ 2W02 =  hs{uJol — 2 W ops) — ^l(W oS +  2W oPi) — /l2 +  N m 2  +  N g 2  +  N d 2  (2 .8 )  
I 3W03 =  [(I2 — A  — ls)Wo — h2]cüol +  2 [ ( / l  — 12)^0 +  Wo/l2]93
—CJohi +  W02/I1 — /13 +  Afm3 +  XgS +  NdS
Following the developments in [Wertz, 1978], the gravity torque can be represented as:
(2.9)
where fi is the Earth gravity constant, R  the distance from the centre of the Earth 
to the centre of mass of the satellite, and R  the zenith direction. With the fact that
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Wg =  the gravity torque can also be given in the following equivalent form
2(9193 -  92) 2(9193 — 92)
Ng — 3Wq( 2(9293 +  91) x J 2(9293 + 9 1 )
1 +  9s “  9 i ~  92 _ _ 1 +  9s “  9 i — 92 _
(2.10)
and it can be simplified as well under the small attitude error assumption
Ng — 3Wq
2(13 —1 2^)91  
2 (/s — A)92 
0
(2.11)
Then the dynamic equation of the satellite with the gravity torque in orbit frame is 
written as:
AWol =  {Il +  Js — i2)WoWo3 +  8(/3 — /2)Wo91
+h,2(Wo3 +  2piWo) — hs{uJo2 ~  Wo) — III A  N m l  +  Ndl
I 2W02 =  fiWg (Is — Ji)p2 +  (wol — 2gsujo)hs
—/zl(Wo3 +  2piWo) — il2 A Nm2 +  Nd2 (2 .1 2 )
I3W03 =  {I2 ~  I l  ~  l 3)WolWo +  2 (Ji — l2)gsUJo
—  ( W o l  —  2 p 3 W o ) / l 2  +  ( W o 2  —  W o ) h i  —  h s  A  N m 3  +  X d 3
As mentioned before, when failure happens on the reaction wheel along z-axis of body 
frame, attitude control of UoSAT-12 can be implemented with:
• Scheme 1: two reaction wheels combined with two magnetorquers; or
• Scheme 2 : three magnetorquers.
In Scheme 1, the dynamic model of the satellite can be expressed in body frame refer­
enced to inertial frame as:
Iicüi =  —hi — {Is — / 2)w2W3 A  h2tos +  X gi A  Ndl
/ 2W2 =  — h/2 +  {Is ~~ A)wiW3 — hiLJs +  Ng2 +  Nd2 (2.13)
I3W 3 — —{^2 ~~ A )w iW 2  +  hiLü2 — h<2Wi +  N gS  +  N m 3 +  A ^3
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Equation (2.13) also can be written in orbit frame as:
•^ iWol =  (/l A I 3  — l2)^o<^o3 +  8 (73  — J2)WoPi +  h2(Wo3 +  2piWg) — hi +  Ndl
/ 2W02 =  (73 — 7i)p2 — hi(wo3 +  2piWo) — h,2 +  Nd2 (2.14)
73W03 =  { I 2 — 7i — 73)Wo1Wo +  2(7i — 72)p3Wg
— (Wol — 2p3Wo)h2 +  (Wo2 — Wo) hi +  Nm3 +  Afd3
In Scheme 2, the dynamic model of the satellite can be expressed in body frame refer­
enced to inertial frame as:
7 lW i =  — {13 — 72)w2W3 - f  N gi  - f  N m l  +  N d l
72W2 =  + ( 7 3  — 7i)wiW3 "t" N g 2  +  N m 2  +  N d2  (2.15)
73W3 =  — { I 2 ~  7 i)w iW 2  +  N g S  +  N m 3  +  N d3
Equation (2.15) also can be written in orbit frame as:
7iWoi =  (7 i A I 3 — 72)woWo3 +  8(7g — 72)w^pi +  N m i +  N dl
72Wo2 =  6Wq(73 — 7i)p2 +  Nm2 +  Nd2 (2.16)
73W03 =  (72 — I l  — 73) Wol Wo +  2 (7 i — 72)p3Wg +  Nm3 +  Xld3
Attitude control of UoSAT-1 2  in both cases will be discussed in the rest part of this 
chapter.
2.2 3-Axis A ttitude Control of UoSAT-12 in Case o f R e­
action W heel Failure
Since the design procedures for Scheme 1 and Scheme 2  are quite similar, only the 
detailed control design of Scheme 2 , i.e. only with three magnetorquers, will be de­
scribed in this section. However, simulation results of both cases will be provided in 
next section for comparison purpose.
2.2.1 P rob lem  descrip tion
The magnetorquer is a cheap and lightweight actuator that is typically used on small
spacecraft for angular detumbling, disturbance compensation and momentum man­
agement of reaction wheels. Sometimes the magnetorquer is also used to deliver a
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pointing accuracy in the order of one degree. Controlling the attitude of the satel­
lite using only magnetorquers, however, is a challenging work due to the lack of three 
independent control torques at any moment of time. Furthermore, the magnetorquer 
produces a torque that is time varying with the local geomagnetic field vector. Thus, 
the problem of attitude control with only magnetorquers has seen considerable inter­
ests. A local stabilization of a satellite equipped with magnetorquers was achieved in 
[F. Martel and Psiaki, 1988] via implementation of a time invariant control law based 
on average geomagnetic field parameters. Three different types of controller were pro­
posed in [Wiesniewski, 1996, 1997, Wiesniewski and Blanke, 1999]: an infinite horizon 
controller, a finite horizon controller and a constant gain controller. Simulation analy­
sis show that all three are stable for a large range of initial values of attitude, but the 
former two depend on lengthly calculations and hence are not very suitable for resource- 
limited platforms such as micro- and nano- satellites. Robust and periodic controllers 
have been designed using an asymptotic linear quadratic regulator technique in [Psiaki, 
2001, 2000, Kulkarni and J. Kulkarni, 2004]. In [Lovera and Astolfi, 2004, Lovera and 
et al, 2006], a PD-like state feedback control law is employed together with a suitable 
adaptation mechanism for the control gain, to guarantee almost global stability of the 
closed loop system. In [Silani and Lovera, 2005], a model-based predictive controller 
has been presented.
In the case that the satellite is controlled only by magnetorquers, the control torque Nm 
applied on the satellite is generated by the interaction between the controlled dipole 
moment vector M  delivered by the magnetorquers and the geomagnetic field vector 6 , 
i.e.
Nm = M  X b (2.17)
Equation (2.17) shows that the torque Nm used to control the satellite is generated by 
the components of M  that is normal to the geomagnetic field b. In order to ensure that 
the magnetic moment M  is exactly perpendicular to the geomagnetic field b, a control 
variable m is introduced:
M  =  ^  (2.18)
such that the direction of m  can be chosen by the controller from a set of arbitrary
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directions for the purpose of stabilizing the platform.
The geomagnetic field vector b is also transferred through the rotation matrix to cor­
responding components in the body frame as
— Ajjobo (2.19)
When the spacecraft is only controlled by magnetorquers, the dynamic equations (2.15) 
and (2.16) can be linearized and combined with linearized kinematic equation to obtain 
equations (2 .2 0 ) and (2 .2 1 ):
with
and
B2{t) =
9 = A 2 9
(jj w
+  B2{t)m
A 2 =
0 0 0 0.5 0 0
0 0 0 0 0.5 0
0 0 0 0 0 0.5
0  0  0  0  0  0
0 0  0  0  0  0
0  0  0  0  0  0
0  0  0
0  0  0
0 0  0
bl -  bs bib2 bibs
61 &2 ~bi — 63 &2&3
9o
(hr)
= A
bibs 6263 -b f  -  62 
+  B2{t)m2o
9o
(jJ q
(2.20)
(2 .21)
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with
+ 2o =
0 0 0 0.5 0 0
0 0 0 0 0.5 0
0 0 0 0 0 0.5
3(l3—U)‘^o
h 0 0 0 0 h
0 3{h-h)U^
I 2
0 0 0 0
0 0
2 ( 7 i - 7 2 ) ^ 2
h
{ l 2 —h —h )(jJ o
h 0 0
and
B2{t) =
0 0 0 
0 0 0 
0 0 0
“ ^2 — ^3 b\b2 bibs
&1&2 -b l  -  63 6263
bibs &2&3 -b l  -  bl 
In reference to equations (2.20) and (2.21), the rank of B{t) is two, which indicates that 
the magnetorquers cannot provide three independent control inputs at a given time; 
B{t) is also time varying and is related to the geomagnetic field. These make attitude 
control with only magnetorquers be a challenging problem.
2.2 .2  C onstant gain  control design
Constant gain control design has been proven to be computationally efficient, which 
is a very attractive feature for the attitude control of satellites due to the limitation 
of onboard computer capacity [F. Martel and Psiaki, 1988, Wiesniewski, 1996, 1997, 
Wiesniewski and Blanke, 1999]. The constant gain control design consists of two parts 
of work. The first part is to replace the time varying parameters of the satellite with 
its average values that are evaluated over a period of one orbit. The second part is to 
check the stability of the controlled system using Floquet theory.
Consider about the time varying system equations (2.20) and (2.21), their time invariant 
counterparts can be written as:
X =  Ax +  Bu (2.22)
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where
B =  —^  B2{t)dt
T  is the orbit period, and B 2 (t) is the control matrix in equations (2.20) and (2.21).
Linear Quadratic Regulator (LQR) can be employed for the constant gain control de­
sign. For a constant continuous-time linear system described by
x =  Ax A Bu
with a cost function defined as:
POO
J =  {x^C^Cx -t- u F Du)dt 
Jo
The feedback control law that minimizes the value of cost is given by:
u =  -{D D '^y^Ë '^P x  (2.23)
where P  is the solution of a Ricatti equation:
A ^P  A P A -  PB{DD'^)-'^BP a  C ^C  = 0 (2.24)
where C,D  are matrices related to the requirements of control precision and torque. 
Larger C  matrix is, higher the control precision is; Larger D  matrix is, smaller the 
control inputs are required. Matrices C, D are found by trial and errors based on 
computor simulations. From the discussions in [Pechev, 2007, J.C.Doyle and K.Glover, 
1989], there should be a unique positive definite solution P  when [A, B] is controllable.
After obtaining the optimal control that is expressed in equation (2.23), it is necessary 
to check the stability of closed-loop controlled time varying system using Floquet the­
ory since the averaged time invariant systems are only the first order approximation 
of the time varying systems. Based on Floquet theory, the eigenvalues of the mon- 
odromy matrix should belong to the open unit disk if the controlled system is stable. 
Furthermore, robustness of these systems are also not equivalent.
The whole design procedure of constant gain control can be summarized as:
• Step 1: Set C, D  matrix based on the control requirement of accuracy and capacity 
of magnetorquers;
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• Step 2 : Obtain controller from equation (2.23);
• Step 3: Integrate transmission matrix of time varying linear system over one 
orbit period, and check whether all complex characteristic multipliers belong to 
the open unit disk; and
• Step 4: Return to Step 1 if not all complex characteristic multipliers belong to 
the open unit disk.
2.3 Simulations
In this section, simulations will be implemented to compare the effects of the two
combinations of actuators in case of reaction wheel failure.
2.3.1 S im ulation  setu p
In Section 2.1.3 the dynamic model of UoSAT-12 is expressed in orbit frame and inertial 
frame respectively. Accordingly, the problems of nadir pointing and inertial pointing 
are considered. This leads to four scenarios, as descried in Table 2.1.
Table 2.1: The scenarios of simulations for reaction wheel failure
Scenario j} Actuators Attitude Mode
1 3 magnetorquers Nadir pointing
2 8 magnetorquers Inertial pointing
3 2 reaction wheels & 2 
magnetorquers
Nadir pointing
4 2 reaction wheels & 2 
magnetorquers
Inertial pointing
For each scenario, at least four simulations are implemented with following different 
assumptions:
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• Simulation 1: without initial angular velocity, disturbances and measurement 
error of the Earth magnetic field;
• Simulation 2 : with initial angular velocity, but without disturbances and mea­
surement error of the Earth magnetic field. Consider about that usually there is a 
velocity dumping mode before nadir/inertal pointing , the initial angular velocity 
is set as [0 .0 0 0 1 , 0 .0 0 0 1 , 0 .0 0 0 1 ]m/s;
• Simulation 3: with initial angular velocity, disturbances but without measurement 
error of the Earth magnetic field. Here the values of initial angular velocity are 
same with simulation 3 and disturbances are set as 10“ ® sin(g^t)A 'm  based on 
UoSAT-12 orbit;
• Simulation 4: with initial angular velocity, disturbances and measurement error 
of the Earth magnetic field. Here the magnetic field measurement error is around 
0.1 microTesla [Hart, 2009].
The International Geomagnetic Reference Field (IGRF) model is utilized to calculate 
the Earth’s magnetic field. In addition, it is assumed that UoSAT-12 is with [U, jg. Is] = 
[40.45,42.09,40.36]%m^ and flies in an orbit with 64.5° inclination and 6b0km altitude. 
The orbit of the satellite is calculated using the SGP4 model. The components of the 
geomagnetic field in the orbit co-ordinate frame for approximately 5 orbits are shown 
in Fig. 2.2.
The geomagnetic field histories in Fig. 2.2 indicate that the components of the geo­
magnetic field in the orbit coordinate frame are quasi-periodic with the orbital period 
T  % 6000s. For the design of controllers, the time invariant matrix Ë  is obtained from 
equation (2 .2 .2 ) as
B  =
0 s x 3
-0.7617 0.0081 -0.0424
J - l 0.0081 -0.8332 0.0734
-0.0424 0.0734 -0.4051
(2.25)
2.3. Simulations 28
X 10"
—  x -a x is  
y -a x is
—  z -a x is
1.5 30 0 .5 1 2 2 .5
X 10Time (s)
Figure 2.2: Geomagnetic field vector over 5 orbits 
The matrices C and D in equation (2.24) are selected as:
C = [diag{ 0.1 0.1 0.1 0.2 0.2 0.2 ) ;0 sx 6
D — [OgxSi diagi^ 1000 1000 1000
(2 .26)
The state-vector is penalized through C, while D is chosen to limit the control demands 
by accounting for saturations of the actuators. Using B  in equation (2.25) and C, D in 
equation (2.26), P  can be obtained through the Riccati equation (2.24).
For the construction of the control law in equation (2.18), at each control sample the 
time varying gain matrix B(t) is constructed using either an orbital propagator in 
conjunction with the IGRF model or the measurements from magnetometers onboard 
the satellite.
The overall implementation infrastructures are shown in Fig. 2.3 and Fig. 2.4. Although 
the control design is performed using the simple linearized model, the simulations in 
next subsection will utilize the full kinematic and dynamic model without any assump­
tions, simplifications and linearizations.
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Figure 2.3: Attitude control architecture using IGRF model
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Figure 2.4: Attitude control architecture using magnetormeters 
2.3 .2  Scenario 1: nadir po in tin g  w ith  on ly  m agnetorquers
For the problem of nadir pointing with only magnetorquers, after obtaining constant 
gain control design corresponding to linearized time invariant system, the stability of 
the controlled system is checked by using Floquet theory. Figure 2.5 shows that all 
complex characteristic multipliers of this magnetic controlled system belong to the 
open unit disk. According to Floquet theory, it means the linear periodic closed loop 
system is asymptotically stable.
The first simulation of Scenario 1 is carried on with quite ideal and impractical as­
sumptions, i.e. the initial angular velocity is zero; there is no in-orbit disturbance and 
the measurement of the Earth magnetic held is without errors. Under this assumption, 
the satellite can be stabilized within around 2 orbits, as shown in Fig. 2.6. Consider 
about the maximum magnetic dipole the magnetorquer can provide, only low magnetic 
dipoles are needed during the control phase. Efforts are made to obtain higher mag­
netic dipoles for faster control, however, the check via Floquet theory turns out that 
this control design only permits the satellite rotate slowly.
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Figure 2.5: Complex characteristic multipliers of magnetic controlled system in nadir 
pointing mode
The second simulation starts with initial angular velocity, but still without in-orbit 
disturbances and measurement errors on the Earth magnetic field. From Fig. 2.7, it 
can be observed that this initial angular velocity leads to a large over shooting in all 
three axes of the satellite. The whole attitude system can still be stabilized with this 
initial angular velocity. However, larger control inputs produced by magnetorquers and 
longer settling time (around 3 orbits) are needed.
In-orbit disturbances are taken into account in the third simulation, as well as initial 
angular velocity. The results are shown in Fig. 2.8. The attitude can be stabilized 
within 3 orbits, but small rotations can be observed on all three axes, especially on 
X-axis, the maximum attitude error is around 3 degrees.
For UoSAT-12, the magnetic held measurement error is around 0.1 microTesla [Hart, 
2009]. Such magnitude measurement errors are added to the magnetic held in the 
fourth simulation as well as initial angular velocity and in orbit disturbances. The 
simulation results are shown in Fig. 2.9, which is quite similar with Fig. 2.8. These 
results mean that the constant gain control design is robust with the magnetic held 
measurement errors at the magnitude of 0.1 jiTesla. A little larger control inputs are 
needed in this simulation.
In addition to the four simulations suggested for each scenario in Section 2.3.1, the inhu-
ence of remaining magnetic held produced by onboard electronic subsystems/components
is also investigated in the case of attitude control with only three magnetorquers. Fig-
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Figure 2.6: Three-axis attitude control with only magnetorquers in nadir pointing
mode (no initial angular velocity, no disturbances and no measurement error of the
Earth magnetic field)
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Figure 2.7: Three-axis attitude control with only magnetorquers in nadir pointing mode
(with initial angular velocity but without disturbances and measurement error of the
Earth magnetic field)
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Figure 2.8: Three-axis attitude control with only magnetorquers in nadir pointing mode
(with initial angular velocity and disturbances but without measurement error of the
Earth magnetic field)
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Figure 2.9: Three-axis attitude control with only magnetorquers in nadir pointing
mode (with initial angular velocity, disturbances and measurement error of the Earth
magnetic field)
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ure 2 .1 0  shows that the closed-loop system with constant gain control can be stable 
against the influence of the remaining magnetic fleld. Small magnitude vibrations 
around the desired magnetic dipole can be seen from Fig. 2.10(c), which are caused by 
the remaining magnetic fleld.
In conclusion, the constant gain control design can stabilize UoSAT-12 within around 
3 orbits for nadir pointing using three magnetorquers and achieve accuracy around 3 
degrees. The in-orbit disturbances influence the attitude mostly. The attitude control 
system is robust to the magnetic fleld measurement error and remaining magnetic 
fleld with certain magnitude. However, in practical the magnetic fleld measurement 
error and remaining magnetic fleld could be much larger than the values set in these 
simulations, which will signiflcantly decrease the attitude control accuracy and even lead 
to an unstable system. Therefore, the optimal control performance can be expected is 
accuracy of 3 degrees and 3 orbits settling time when using magnetorquers.
2 .3 .3  Scenario 2: inertia l po in tin g  w ith  on ly  m agnetorquers
More simulations are implemented for the problem of inertial pointing with only mag­
netorquers. Similar results can be obtained for this fully magnetic attitude control with 
constant gain control design. Figure 2.11 shows that all complex characteristic mul­
tipliers of this magnetic controlled system belong to the open unit disk, which means 
system equation (2 .2 0 ) can be asymptotically stabilized by this constant gain control 
according to Floquet theory.
The first simulation for inertial pointing with only magnetorquers is carried on under 
the assumption that there is no initial angular velocity, in-orbit disturbances and mea­
surement error of the Earth magnetic fleld. The constant gain control design works 
effectively in this case, as shown in Fig. 2.12. Compared with the simulation for nadir 
pointing under the same assumption, longer settling time (about 4 orbits) and larger 
magnetic diploe are needed. In the mode of nadir pointing, gravity torque contributes 
to align the satellite along nadir vector; while in the mode of inertia pointing, gravity 
torque is regarded as disturbance since this torque still tries to align the satellite along 
nadir vector instead of z-axis of the Earth inertial frame. Therefore, larger control
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Figure 2.10: Three-axis attitude control with only magnetorquers in nadir pointing 
mode (with initial angular velocity, disturbances, measurement error of the Earth mag­
netic field and remaining magnetic held caused by other other onboard electronic sub­
systems/components)
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Figure 2.11: Complex characteristic multipliers of magnetic controlled system in inertial 
pointing mode
inputs are needed in inertial pointing mode to compensate gravity torque and stabilize 
the attitude.
The second simulation for inertial pointing is implemented with initial angular velocity. 
The whole system still can be stabilized using the constant gain control. However, 
large over shooting occurs at the beginning of the simulation, as shown in Fig. 2.13. In 
addition, longer settling time and much larger magnetic dipole are needed in inertial 
pointing mode than in nadir pointing mode.
In the third simulation in-orbit disturbances are considered. From Fig. 2.14, it can 
be found that small rotations are brought to three axes by in-orbit disturbances. The 
control accuracy is decreased to 3 degrees. However, constant gain control design still 
works effectively.
The fourth simulation is to investigate the influence of measurement error of the Earth 
magnetic held at the magnitude of 0.1 fiTesla. Figure 2.15 shows that measurement 
error of the Earth magnetic held with this magnitude does not have signihcant inhuence 
on the attitude stabilization. However, it brings small magnitude vibrations in desired 
magnetic dipoles.
The hfth simulation is under assumption combined with remaining magnetic held 
caused by other other onboard electronic subsystems/ components. The simulation 
results shown in Fig. 2.16 are similar with the ones shown in Fig. 2.15, which means 
constant gain control design is robust with the remaining magnetic held set in this
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Figure 2.12: Three-axis attitude control with only magnetorquers in inertia pointing
mode (no initial angular velocity, no disturbances and no measurement error of the
Earth magnetic field)
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Figure 2.13: Three-axis attitude control with only magnetorquers in inertia pointing
mode (with initial angular velocity but without disturbances and measurement error
of the Earth magnetic field)
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Figure 2.14: Three-axis attitude control with only magnetorquers in inertia pointing
mode (with initial angular velocity and disturbances but without measurement error
of the Earth magnetic field)
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Figure 2.15; Three-axis attitude control with only magnetorquers in inertia pointing
mode (with initial angular velocity, disturbances and measurement error of the Earth
magnetic field)
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simulation.
The effectiveness of constant gain control for both nadir pointing and inertial pointing 
modes indicate that constant gain control design is a generic design procedure for 
time varying linear systems. In the above simulations, the influences of initial angular 
velocity, in-orbit disturbance, the magnetic field measurement error and remaining 
magnetic field are taken into account. All simulations give acceptable control accuracies 
which are around 3 degrees in the worst case and the settling time needed is around 
3 orbits. However, in practical, in-orbit disturbance, the magnetic field measurement 
error and remaining magnetic field might be much larger than the average values that 
are taken in the above simulations. In addition, angular velocity detumbling might be 
necessary before attitude stabilization if a much larger initial angular velocity exists. 
Typically, attitude control with only magnetorquers only can achieve the accuracy of 
several degrees at the cost of power consumption and settling time. Therefore, an 
attitude control method that can provide higher accuracy and quicker stabilization in 
the case of one reaction wheel failure is still under seeking.
2 .3 .4  Scenario 3: nadir po in tin g  w ith  tw o reaction  w h eels and tw o  
m agnetorquers
Another possibility to implement attitude control in the case of reaction wheel failure 
is to use two reaction wheels and two magnetorquers. The two reaction wheels can 
provide control torques on two body axes of UoSAT-1 2  and the two magnetorquers 
can provide control torque on the third axis. Since the control design for three axis 
attitude control with two reaction wheels and two magnetorquers is quite similar with 
fully magnetic attitude control design, here only simulation results are shown.
For Scenario 3, i.e. nadir pointing using two reaction wheels and two magnetorquers, 
four simulations are carried on. The first simulation is implemented with the assump­
tion that there is no initial angular velocity, no in-orbit disturbance and no measure­
ment errors of the Earth magnetic field. The results presented in Fig. 2.17 show that 
the constant gain control design works effectively. Compared with three-axis attitude 
control with only magnetorquers in the same condition, i.e. Simulation 1 of Scenario 1,
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Figure 2.16: Three-axis attitude control with only magnetorquers in inertia point­
ing mode (with initial angular velocity, disturbances, measurement error of the Earth 
magnetic held and remaining magnetic held caused by other other onboard electronic 
subsystems /  components)
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much faster control response is obtained. The attitude of three axis can be stabilized 
within 4000 seconds.
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Figure 2.17: Three-axis attitude control with two reaction wheels and magnetorquers in 
nadir pointing mode (no initial angular velocity, no disturbances and no measurement 
error of the Earth magnetic field)
The second simulation has a similar assumption as the first one, except for initial 
angular velocity. The results shown in Fig. 2.18 validate the effectiveness of constant 
gain control design. Compared with Simulation 1 , a little longer settling time and larger 
control torque are needed. Compared with attitude control with only magnetorquers 
under the same condition, i.e. Fig. 2.7, better control robustness can be observed from 
Fig. 2.18. In addition, much faster control responds can be seen in Fig. 2.18.
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Figure 2.18: Three-axis attitude control with two reaction wheels and magnetorquers 
in nadir pointing mode (with initial angular velocity but without disturbances and 
measurement error of the Earth magnetic field)
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In the third simulation, it is assumed that there are initial angular velocity and dis­
turbances but without measurement error of the Earth magnetic field. The results are 
shown in Fig. 2.19. Compare with Simulation 2 in this subsection, similar conclusions 
can be obtained.
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Figure 2.19: Three-axis attitude control with two reaction wheels and magnetorquers 
in nadir pointing mode (with initial angular velocity and disturbances but without 
measurement error of the Earth magnetic field)
The influence of measurement error of the Earth magnetic field on the attitude con­
trol performance is investigated in Simulation 4. Figure 2.20 shows that compare with 
Fig. 2.19 larger control inputs from magnetorquers are needed to compensate the mea­
surement error of the Earth magnetic field. In addition, compare with Fig. 2.9, faster
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control response and higher control accuracy can be observed from Fig. 2.20.
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Figure 2.20; Three-axis attitude control with two reaction wheels and magnetorquers 
in nadir pointing mode (with initial angular velocity, disturbances and measurement 
error of the Earth magnetic field)
2.3.5 Scenario 4: inertia l po in tin g  w ith  tw o reaction  w h eels and tw o  
m agnetorquers
The last scenario is for inertial pointing with two reaction wheels and two magnetor­
quers. There are also four simulations carried on for this scenario. The first simulation 
is under the condition that there is no initial angular velocity, no in-orbit disturbances 
and no measurement error of the Earth magnetic field. The results are shown in
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Fig. 2.21. Since reaction wheels can provide much larger control torque than mag­
netorquers, faster attitude stabilization can be observed by comparing Fig. 2.21 with 
Fig. 2.12.
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Figure 2.21: Three-axis attitude control with two reaction wheels and magnetorquers in 
inertia pointing mode (no initial angular velocity, no disturbances and no measurement 
error of the Earth magnetic field)
The influence of initial angular velocity on the control performance of inertial pointing 
is investigated in Fig. 2.22, still using two reaction wheels and two magnetorquers. 
Compare with last simulation, longer settling time and larger control torque are needed, 
especially on Z-axis that is controlled by magnetorquers. Also, compare with Fig. 2.13, 
much faster control response can be seen in Fig. 2.22.
Figure 2.23 reveals the influence of in-orbit disturbances on inertial pointing with two
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Figure 2.22: Three-axis attitude control with two reaction wheels and magnetorquers 
in inertia pointing mode (with initial angular velocity but without disturbances and 
measurement error of the Earth magnetic field)
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reaction wheels and two magnetorquers. Compare with Fig. 2.22, similar control per­
formances can be observed, which implies that the control design is robust to in-orbit 
disturbances. Periodic peaks can be seen in Fig. 2.22(d), which because the lack of 
magnetic field at the Earth magnetic pole.
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Figure 2.23: Three-axis attitude control with two reaction wheels and magnetorquers 
in inertia pointing mode (with initial angular velocity and disturbances but without 
measurement error of the Earth magnetic field)
The last simulation is to investigate the control performance of inertial pointing with 
two reaction wheels and two magnetorquers in the case that measurement error of 
the Earth magnetic field exists. According to Fig. 2.24(d), large control inputs from 
magnetorquers are needed to compensate the measurement error of the Earth magnetic 
field. In addition, faster control response and higher control accuracy can be seen from
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Fig. 2.24(a) and Fig. 2.24(b).
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Figure 2.24: Three-axis attitude control with two reaction wheels and magnetorquers 
in inertia pointing mode (with initial angular velocity, disturbances and measurement 
error of the Earth magnetic field)
2.4 Conclusion
Traditional strategies for attitude control in the case of actuator failure are investigated 
in this chapter, with UoSAT-12 as an example. Constant gain control technique for time 
varying system is utilized to develop the fully three-axis attitude control of UoSAT-12, 
under the situation that a reaction wheel along the z-axis fails. Two backup schemes of 
utilizing the remaining actuators are proposed: one is to synthesize two reaction wheels
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with two magnetorquers, and the other one is to only use three magnetorquers. These 
two backup schemes combine with two attitude modes, i.e. nadir pointing and inertial 
pointing, lead to four scenarios. In the first two scenarios, the constant gain control 
design achieves the accuracy of 3 degrees within 3 orbits. In the last two scenarios, the 
constant gain control design achieves the accuracy of 3 degrees only within 1 orbit with 
contribution of reaction wheels. Simulations show that the in-orbit disturbances is the 
biggest influence for the attitude control system. For the magnetic field measurement 
error and the remaining magnetic field that are given in this chapter, the attitude 
control system is robust, although the accuracy decreases significantly. The simulation 
results indicate that the performances of traditional strategies for attitude control in 
the case of a reaction wheel failure are acceptable. However, many practical issues, 
listed in chapter one, are not taken into account in the simulations. These practical 
issues could decrease the accuracy of attitude control as well. Therefore, it seems that 
traditional strategies utilizing magnetorquers only permit attitude control with low 
accuracy and long settling time, which cannot meet the requirement of achieving 1 
degree pointing accuracy within 1 orbit. In order to obtain better control performance, 
other attitude control strategies need to be investigated. In Chapter 3, a promising 
approach called underactuated attitude control will be introduced, which could realize 
three-axis attitude stabilization with only the two remaining reaction wheels onboard 
UoSAT-12.
Chapter 3
Underactuated A ttitude Control 
on UoSAT-12
In Chapter 2, traditional strategies have been investigated to deal with the problem 
of actuator failure, which only reveal poor performances. In order to realize higher 
pointing accuracy and/or faster control, the approach of underactuated attitude con­
trol could be utilized. Tsiotras and Doumtchenko [2000] proposed the discontinuous 
Lyapunov-based underactuated attitude control approach, which was developed for one 
specific system model and can be utilized for inertial pointing of the satellite. This ap­
proach requires a direct torque input to the system, which can be generated by thrusters 
or magnetorquer. A modification of this approach has also been proposed, where two 
reaction wheels are used to achieve fully three axis stabilization. In this chapter, these 
two approaches will be further studied to demonstrate the effects of underactuated 
attitude control of UoSAT-12 with the remaining two reaction wheels.
3.1 Underactuated A ttitude Control for Inertial Pointing
This section focuses on the problem of inertial pointing. The dynamic model and the 
kinetic model of the satellite with only two reaction wheels will be derived from general 
system models; then a discontinuous Lyapunov-based underactuated attitude control
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will be designed; at the end of this section simulation results will be shown to show the 
effects of under actuated control.
3.1 .1  S ystem  m od el and control design
For inertial pointing of the satellite, the dynamic model can be derived from equation
(2.13) and expressed in body frame referenced to inertial frame as:
I l û l  =  — h i  —  ( J 3 —  1 2 )^ 2  ^ 3  +  ^ 2^ 3  +  A g i  +
12(^ 2 — —h2 +  (I3 “  ll)^1^3 ~  ^1^3 +  Ag2 +  Nm2 +  ^d2 (3-1)
l3d^ 3 — “ (I2 — A) ^ 1^2 +  h\UJ2 — /l2^1 +  Ag3 +  A^ 3  +  A^ 3
Tsiotras and Doumtchenko [2000] proposed a discontinuous Lyapunov-based underac­
tuated attitude control for the case that there are a set of thrusters failed along one 
body axis. In this case, the control torques can be generated directly by sets of thrusters 
along other two satellite’s body axes. Therefore, the angular velocities of two active 
axes can be controlled by the control torques generated by thrusters directly and used 
as virtual control inputs of the kinematic part. If the angular velocity of the underactu­
ated axis is zero, the attitude could be stabilized by the angular velocities of two active 
axes. Different with thrusters, reaction wheels generate control torques by changing 
their own angular momentums, which brings more coupling effects along three body 
axes. When one reaction wheel along one body axis fails, the coupling effects of the 
remaining two reaction wheels can still influence the angular velocity, further attitude, 
of this axis. Therefore, stronger assumption has to be made in the case of one reaction 
wheel failure: the total angular momentum of the spacecraft is zero. Under this as­
sumption, the torques generated by the remaining reaction wheels can also be treated 
as direct torques to control the angular velocity of the two active axes, which can be 
used as virtual control inputs of the kinematic part. In addition, equation (3.1) can be 
transferred as:
IiOJi — —h\
L2W2 =  —hj2 (3.2)
^3^3 =  0
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Since the total angular momentum of the spacecraft is zero, the angular momentum on
Z-axis is zero, i.e. Jgwg =  0. Accordingly, the angular velocity on Z-axis is also zero. 
Combined with the kinematic model that was given as equation (2.1), the model of the 
satellite with only two reaction wheels can be expressed as:
ciji = ~
0)2 = ^  =  W2
51 =  +  21^1^0.2 (3.3)
92 =  ^ ^ ^ 0 ) 1  +
53 =  SlSÿ^o)! + W2
Following the design process described in [Tsiotras and Doumtchenko, 2000] and intro­
ducing two new parameters to represent the demanded angular velocities ujid, uj2di the 
controller that stabilizes the dynamics becomes:
= —q(wi — Lüid) +  iü\d 
U2 =  —'y{tü2 — UJ2d) +  W2d
where the convergence rate 7  > 0. These control inputs will force wi, W2 to track 
wid, cü2d exponentially for a given 7 . Then the control problem focuses on the control 
of the kinematics with new control inputs wi, W2 .
Linearize the system model in equation (3.3) around {9 1 , 9 2 ) = (0,0), the kinematic 
part is reduced to
91 = ^
92 = ^  (3.5)
^3 =  0
Equation (3.5) indicates that '^1 ,^ 2  can be controlled by controlling wi, W2 „ but 9 3  is 
not controllable. Considering the full order kinematic representation in equation (3.3), 
9 3  can be stabilized by choosing a set of desired trajectories for 9 1  and 9 2 . Moreover, 
equation (3.3) also shows that the convergent rate of 9 1  and 9 2  need to be slower than 
that of 93  since the left-hand side of the equation tends to zero when 9 1 , 9 2  approach 
the origin (0,0), reducing the equation to equation (3.5).
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With reference to [Tsiotras and Doumtchenko, 2000], it can be found that if ^1 ,^ 2  are
set as
(3.6)
92 =  Z/2d
then 9 3  can be formulated as
^3 =  9i^2d -  92^id (3.7)
It can be demonstrated that with the choice of
^id = [(1 +  92>id +  (P3 -  9i92)^2d] _
^ 2d = [(1 +  9l)^2d +  (~5'3 -
the discontinuous controller that asymptotically stabilizes the underactuated system in 
equation (3.3) has the following form
v ii = - k g i + i x ^ ^  (3.9)
where k > ii/2 > t) are deign parameters [Tsiotras and Doumtchenko, 2000].
As identified in [Tsiotras and Doumtchenko, 2000], this type of stabilization suffers 
from singularities. In order to avoid those, the following modification is proposed:
i 'u  = - k g i+ iM s a t ( ^ ^ ,a )  
i^ 2d = - % 2  -  a)
where the saturation function is specified as
sat{x) = <
X  —a < X  < a 
a X  > a 
— a  X  ^  — (2
3.1 .2  S im ulations and analysis
In this subsection, the discontinuous Lyapunov-based underactuated attitude control 
design will be validated through simulations on UoSAT-12. The influences of initial 
angular velocity, in-orbit disturbances, region of convergence and initial attitude will 
be discussed.
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In the simulations, the design parameters in equation (3.9) are set as k = 0.001 and 
/2 =  0.0015, which satisfy k > /i/2 > 0. The larger 7  is, the larger the torque will be 
and the faster the attitude will converge. According to the maximum torque generated 
by the reaction wheel installed on UoSAT-12, 7  =  0.8. The initial conditions are set 
as (pi,P2 ,p3) =  [0.2430,0.2896,0.0156], which equals Euler angles are [30°, 30°, 10°] 
for three axes. Before elevating this discontinuous under actuated control design, the 
two onboard reaction wheels are at rest, which means the angular momentum of each 
reaction wheel is zero.
With the assumption that the total angular momentum of the whole satellite is zero, 
i.e. Icu + h = 0 , the first simulation is carried on under the conditions that there is 
no in-orbit disturbance and the initial angular velocity is zero. These conditions are 
quite ideal. The simulation results shown in Fig. 3.1 validate that this discontinuous 
Lyapunov-based control design can render a stable closed-loop system with both the 
underactuated and the actuated axes asymptotically stabilized from a non-zero initial 
attitude to (0 , 0 , 0 ) within around two orbits.
The second and the third simulations are used to check the influences of initial angular 
velocity and in-orbit disturbances on the performance of discontinuous Lyapunov-based 
underactuated attitude control.
Simulation 2 is implemented with initial angular velocity, which indicates that the 
assumption, i.e. the total angular momentum of the whole satellite is zero, cannot be 
satisfied anymore. The angular velocity of the underactuated axis cannot be controlled 
since there is no control torque on this axis. When 0 3^ (0 ) 0, the closed-loop attitude
control system can be written as:
51 =  -& 5 1  +  +  ^ ^ W 3 ( 0 )
52 =  - t e - 5 ^  +  2«=2ia;3(0) (3.11)
53 =  +  ^ ^ u > 3 (0 )
where [—kgi, —kg2 , —/zpg] have stabilization spring effects, [/x- -^^ p ,  —/x^F^] are used as 
the virtual control input —/xpg, and [^ 9^ 3+9 2 ^g(Q)  ^ ilÿ 2.^3 (0 )] are treated
as perturbations that cannot be attenuated.
The non-negative function U =  ^ - f - ^ - t - ^ i s  chosen as a Lyapunov function, which
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Figure 3.1: Underactuated attitude control with two reaction wheels in inertia pointing
mode (no initial angular velocity and no disturbances)
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is zero if and only if gi = Q2 = 9 s = 0. Its differential can be obtained as:
V = - { k -  - { k -  -  w  -  1 ^ 5 3 1 ^ 3 (0 )) (3.12)
According to Lyapunov theory, the stabilization bounds the rate of change V  to be 
semi-definite, i.e. Û < 0. Therefore, the following additional conditions need to be 
imposed to guarantee the stability of equation (3.11):
k > (3.13)
and
^I(O) < ( 2 k' ~  1)^3 (3*14)
+  Ps
Since 9 3  is expected to approach zero as time progresses, the only feasible solution that 
guarantees the stability is 1^ 3 (0 ) =  0.
Set the initial angular velocity as O.OOOlrad/s in the second simulation. Results shown 
in Fig. 3.2 indicate that the discontinuous controller is sensitive to 073(0 ). The non-zero 
value of 0 )3 (0 ) results in large variations around the desired attitude. The magnitudes 
of rotations are proportional to the magnitude of 073(0 ). Here control accuracy is about 
5 degrees.
The third simulation is implemented assuming that in-orbit disturbances are applied 
on three axes of the spacecraft. Using the discontinuous Lyapunov-based underactu­
ated attitude control design, the disturbances on two active axes can be compensated. 
However, on the underactuated axis the disturbance cannot be canceled because of the 
absence of a control input on this axis. The attitude representation is similar with the 
case of 073(0 ) 7  ^ 0. The only difference is that in Simulation 3 073(f) is a time-varying 
function centred around zero. The condition of stability then is modified to
k > — (3. 15)
and
U7|(f) < -  1)^3 (3-16)
^ ^ 9 3
at any instant of time. Outside these boundaries, the cascade discontinuous controller
will not render a stable system.
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Figure 3.2: Underactuated attitude control with two reaction wheels in inertia pointing
mode (with initial angular velocity but without disturbances)
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Figure 3.3 shows the results of Simulation 3 with in-orbit disturbances 10"® sin(^ggt) 
acted on three axes. It can be found that the results are similar with those shown in 
Fig. 3.2, i.e. the case of W3(0) ^  0, which are expected from the theoretical analysis 
presented in the above paragraph. Periodic in-orbit disturbances cannot make the 
assumption that the total angular momentum of the spacecraft is zero satisfied, which 
cause periodic beats appear in the figure.
Above analysis and simulations validate the effectiveness of discontinuous Lyapunov- 
based underactuated attitude control with two reaction wheels. If all assumptions are 
satisfied, this controller can stabilize UoSAT-12 within two orbits; However, a small 
angular velocity or in-orbit disturbance in the underactuated axis can induce small 
rotations on all three axes. In practice, small initial angular velocity and in-orbit 
disturbance on the underactuated axis cannot be avoided. Therefore, the approaches 
to improve the robustness of this control law or to compensate small initial angular 
velocity and in-orbit disturbance on the underactuated axis need to be investigated.
3.2 Underactuated A ttitude Control for Nadir Pointing
This section will discuss the underactuated control of nadir pointing. Similar with last 
section for inertial pointing, system model and control design for nadir pointing will be 
presented, then simulations and analysis will follow on.
3.2 .1  S y stem  m od el and control design
For nadir pointing of the satellite, the dynamic model can be derived from equation
(2.13) and expressed in body frame referenced to orbit frame as;
Ii^oi =  (-fi + 13 ~  1 2 )^ 0 ^ 0 3  +  8 (13  — l2)uj^gi
+ ^ 2(^08 +  2 ^ 1  W o ) — h i + Njyii -b  Ndi
l2^o2 = 6Wq( /3  — I\)g2 — hi(Wo3 A  2^1 Wo) — /i2 +  Nm2 +  f^d2 (3.17)
Is^oS =  (I2 ~ Il ~  l3)WoiWo +  2(/i — I2)g3üjg
—  { ^ o l  —  2 ^ 3  W o )/12 +  ( W o 2  —  W o )  h i  +  N m 3  +  H d 3
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Figure 3.3: Underactuated attitude control with two reaction wheels in inertia pointing
mode (with initial angular velocity and disturbances)
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Combined with the kinematic model given in equation (2.1), the system model of the 
satellite with only two reaction wheels for nadir pointing can be expressed as:
Ii^oi =  (A A ~  1 2 )^ 0 ^ 0 2  +  8(^3 — .^ 2)^0 5^1 +  ^2(^ 08  +  ‘2giiOo) ~  h\
l2^o2 = (fg — /i)5^2 — hi{uJo3 +  ^9 1 ^ 0 ) ~  ^2
-^ 3^08 =  {I2 ~  Il ~ 1 3 )^ 0 1 ^ 0  +  2(Ji — / 2)^8^o — i^ol ~  ‘^93<^ o)h2 +  (Wo2 ~  ^o)^l
9 1  =  ^ w i  +
^  .92.93—.91q2 = a ia ^ Wi +
9 1 + 9 2 9 32 l± g U3
(3.18)
The coupling terms between angular momentum of each wheel and the angular velocity 
can be regarded as one kind of disturbances, therefore the dynamic and kinemic models 
are rewritten as:
-fi^oi =  (A +  3^ “  1 2 )^ 0 ^ 0 3  +  8(^3 — l2)uJo9i — hi 
h< o^2 =  6cu (^J3 -  h)92 -  h,2 
l3^o3 = {I2 — Il — 1 3 )^ 0 1 ^ 0  +  2(/i — 1 2 )9 3 ^ 0
L ,.u  -U 9192-93,91 =
92 = .91.92+932 Wl +
93 =  +
1 + 5 2  , . I 9 2 .9 3 -.9 l  2
5i±S2£3^2 +
"W2 + LÜ3
LO3
Linearize equation (3.19), the model of spacecraft is simplified as:
9o 9o h i
=  -^o +  B q
d>o Wo h2
with
(3.19)
pL20)
0 0 0 0.5 0 0
0 0 0 0 0.5 0
0 0 0 0 0 0.5
8(73-72)^ 2
7i 0 0 0 0
(7i+7a—72)wo 
7i
0 6(73-7i)w272 0 0 0 0
0 0 2(7i-7z)w2I3
(72—7i—7a)a;o
73 0 0
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and
Bo =
0
0
0
1
h
0
0
0
0
0
0
1
l2
0
The rank of [Bq, AqBo, A^Bo, A^Bo, A^Bo, A^Bq] is 6, which means [Ao.,Bo] is control­
lable, or in other words the spacecraft can be aligned along nadir vector with two 
reaction wheels. However, there is no direct control applied on Wgg and, furthermore, 
the corresponding uJq^  and Qo3 will converge slowly because of small coupling 
terms between orbital rate and attitude of spacecraft on this underactuated axis. Since 
equation (3.20) is a controllable system, LQR method introduced in Chapter 2 will be 
employed for the nadir pointing mode. The matrices C and D in equation (2.24) are 
selected as:
0.1 0 0 0 0 0
0 0.1 0 0 0 0
0 0 0.1 0 0 0
0 0 0 0.2 0 0
0 0 0 0 0.2 0
0 0 0 0 0 0.2
0 0 0 0 0 0
0 0 0 0 0 0
c  =
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D
and
 ^ 0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
250 0 
0 250
Larger the non-zero numbers in C are, higher the control accuracy will be. Smaller the 
non-zero numbers in D are, larger the control torque will be required. Zeros in these 
two matrices are set to avoid coupling terms in the cost function introduced in Section 
2.2 .2 .
The final LQR controller is:
K  =
0.4000 0.0000 -0.4000 4.1409 0.0000 -4.0590 
0.0000 0.4000 -0.0000 0.0000 4.1804 0.0000
(3.21)
3.2 .2  S im ulations and analysis
In this subsection, simulations are carried on to investigate the infiuences of initial 
angular velocity and in-orbit disturbances on attitude control performance in the case 
of nadir pointing.
The first simulation for nadir pointing is carried on under an ideal condition that the 
initial angular velocity is zero and there is no in-orbit disturbances. Figure 3.4 shows 
the eflfectiveness of this LQR control design for nadir pointing. Y-axis can be stabilized 
much faster than x- and z- axes. In order to bring large enough virtual control input 
on underactuated z-axis, the reaction wheel on x-axis keeps outputting control torque 
for a longer time than the reaction wheel on y-axis. The attitude on x- and z-axis are 
stabilized almost synchronously.
Next simulation is to investigate the influence of initial angular velocity. The initial
angular velocity is set as O.OOOlrad/s, which is same for the case of inertial pointing in
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Section 3.1. Similar results can be seen in Fig. 3.5. It means this LQR control design 
is robust for small initial angular velocity.
The third simulation follows on with in-orbit disturbances. Here disturbances is also 
set as sin(gl^t). From the simulation results shown in Fig. 3.6, it can be seen that 
this LQR control design is quite sensitive with in-orbit disturbances in nadir pointing 
mode. Much longer time (more than 5 orbits) are required to stabilize the satellite. In 
order to obtain faster and more accurate pointing, magnetorquers are suggested to be 
used to compensate in-orbit disturbances.
All simulations above validate LQR control design effectively in the case of nadir point­
ing with only two reaction wheels onboard UoSAT-12. Small initial angular velocity 
can be tolerated by this simple LQR control design. However, similar with the case 
of inertial pointing with two reaction wheels, this control design is sensitive to in-orbit 
disturbances. Again, how to improve the robustness of this controller or how to com­
pensate small initial angular velocity and in-orbit disturbance on the underactuated 
axis need to be investigated.
3.3 Conclusion
Under actuated attitude control of UoSAT-12 with only two reaction wheels, in both 
inertial pointing and nadir pointing modes, are investigated in this chapter. For inertial 
pointing, the discontinuous Lyapunov-based underactuated attitude control, proposed 
by Tsiotras etc, is modified and tuned to be used with two reaction wheels. For nadir 
pointing, a simple LQR control design is utilized since the dynamic and kinematic sys­
tem is controllable. Simulations validate the effectiveness of these two control designs. 
However, these two control designs are not robust enough to the initial angular velocity 
and in-orbit disturbances, especially to the later one.
Recall the three-axis attitude control with three magnetorquers or with two reaction 
wheels and two magnetorquers, as discussed in Chapter 2, 3 degrees pointing accuracy 
is obtained around three axis within 3 orbits. Simulations in Chapter 2 are carried on 
under the assumption that the magnetorquers can output the required control torques
3.3. Conclusion 6 8
—  x-a x is  
y-a x is  
— z-a x is
4 0
Q)
tCO(ü■OB
< -1 0
-20
-3 0 ,
2 .50 .5
Time (s) ,4
X 10
15
10
2   ^
I
o
^ 0
X 1 0 '
- 5
Time (s)
(b)
0 .5 1 1 .5  2
Time (s)
(c)
—  x-axis  
y-axis  
— z-ax is
0 .06
0.04
0.02
5  - 0.02
-0 .0 4
1 1.5 2 2 .50 0 .5 3
X 10
—  x -a x is
y axis
i -
Î Â y  \y
2 .5
X 10
Figure 3.5; Underactuated attitude control with two reaction wheels in nadir pointing
mode (with initial angular velocity but without disturbances)
3.3. Conclusion 69
15
10
X 10
-5 .
(a )
Time (s)
(b )
0 .5 1 1 .5
Time (s)
(c)
—  x -a x is  
y-a x is  
— z -a x is4 0
-a
03
D )
CD03
<
-1 0
-20
-30,
0 .5 2 .5
Time (s) X 10^
—  x-axis  
 y -axis
—  z-ax is
0.06
0 .04
0.02
5  - 0.02
-0 .0 4
0 0.5 1 1.5 2 2 .5 3
X 10
x -a x is
y -a x is
2 .5
X 10
Figure 3.6: Underactuated attitude control with two reaction wheels in nadir pointing
mode (with initial angular velocity and disturbances)
3.3. Conclusion 70
exactly. The generation of these control torques is dependent on the knowledge of 
environmental geomagnetic field vector, which cannot be exactly obtained either from 
IGRF model or from the measurement of magnemeters. In addition, other electronic 
components onboard UoSAT-12 also cause remaining magnetic fields. Although mag­
netic field measurement errors from magnetometers are investigated with a quite ideal 
magnitude, in practice magnetic field measurements from magnetometers are quite sen­
sitive to environmental geomagnetic field and with much larger errors than the values 
set in Chapter 2. Therefore worse control accuracy will be obtained in practical. On the 
contrary, reaction wheels can generate control torque independently and with higher 
accuracy and, therefore, are usually used for missions with high accuracy control re­
quirement. In this chapter, it seems that the underactuated attitude control with two 
reaction wheels achieves better performance than traditional strategies under, however, 
only ideal situation, as it is more sensitive with initial angular velocity and in-orbit dis­
turbance. In order to satisfy the assumption of underactuated attitude control with 
two reaction wheels, magnetorquers should be employed for angular detumbling and 
disturbance compensation of UoSAT-12, and better control performance, as shown in 
Fig. 3.1, can be expected. In addition, a significant disadvantage of the discontinuous 
Lyapunov-based underactuated attitude control is its very limited applicability. This 
underactuated attitude control is designed for a system whose dynamic and kenemtic 
model can be written in the exact form of equation (3.3), or in other words only for 
inertial pointing of UoSAT-12 with two reaction wheels. In later chapters, focus will be 
put on how to improve underactuated attitude control performances, like accuracy, set­
tling time and robustness, and how to design a controller for general systems, including 
different attitude control modes. Since the attitude system of nadir pointing control 
with two reaction wheels is controllable and a simple LQR control design can solve this 
problem, the focus of underactuated attitude control with two reaction wheels will be 
solving inertial pointing and tracking problems.
Chapter 4
N ew  U nderactuated A ttitude  
Control Designs based on 
Feedback Linearization
The application of discontinuous Lyapunov-based underactuated attitude control to
UoSAT-12 indicates that underactuated control with only two reaction wheels can pro-
\
vide similar or even better performances than conventional attitude control strategies 
in the case of reaction wheel failure. However, this underactuated control design is only 
applicable to a certain system with strict assumptions, and has limited performances. 
In order to find out better underactuated attitude control designs, existing underac­
tuated control methods will be reviewed in this chapter. Then feedback linearization 
technology will be adopted to derive two underactuated attitude control designs for 
UoSAT-12: one is time varying control, the other one is discontinuous control. The 
proposed underactuated control designs are not model specific. The effectiveness of the 
two new control designs will be validated through the comparison with the discontinu­
ous Lyapunov-based underactuated attitude control.
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4.1 Control M ethods for Underactuated System s
Underactuated systems are systems with fewer independent control actuators than the 
degrees of freedom to be controlled. The difficulty of underactuated control problem is 
that there are no enough independent control inputs. Traditional linear control could 
not be used for underactuated systems because of the lack of enough control inputs. 
Only few control methods can bring the underactuated spacecraft into stabilization, 
which fall into two categories: motion-planning based and feedback stabilization based.
4.1 .1  M otion  p lanning based  m eth od s
Motion planning is open loop control method, which steers the underactuated system 
from an initial state to a final state over a given finite time interval. This method 
could bring states of the whole system to the desired points, but cannot guarantee that 
the states of a underactuated system stay at the neighbourhood of the desired points. 
In the control procedure, the whole system will depart from the desired trajectory 
and never come back to the trajectory if any unexpected disturbance or error exists 
[Leonard, 1996].
4 .1 .2  Feedback stab iliza tion  based m eth od s
Stabilization problems are concerned with obtaining feedback laws that guarantee that 
the equilibrium of the closed-loop system is asymptotically stable. For a linear time- 
invariant system, if all unstable eigenvalues are controllable, the origin can be asymp­
totically stabilized by a linear time-invariant static state feedback. However, for an 
underactuated system the stabilization problem becomes more complicated. The lin­
earization of an underactuated system is uncontrollable because the rank of the lin­
earized system matrix is less than three. Therefore, the control problem of under- 
actuated system requires nonlinear approaches, which are classified as: discontinuous 
time-invariant stabilization, time-varying stabilization and hybrid stabilization [Krish- 
nan and et ah, 1992, Krishnan and et al, 1994, Krishnan and et ah, 1995, Morin and
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et al, 1997, Yamada and Yoshiwa, 1998, et al, 1994, Sordalen and et al, 1992, Tsiotras 
and Doumtchenko, 2000, Kim and Youdano, 2000].
Discontinuous time-invariant feedback control can also be divided into two types: piece- 
wise continuous control [Sordalen and et al, 1992, Tsiotras and Doumtchenko, 2000, 
D. Casagrande and Parisini, 2008] and sliding mode control [Kim and Youdano, 2000]. 
Most piecewise continuous controllers are gained from a piecewise smooth control Lya­
punov function, but there is no general method for constructing such a Lyapunov 
function. Sliding mode based discontinuous time-invariant feedback control force the 
trajectory to eventually slide along a manifold of co-dimension one towards the equi­
librium. The disadvantage of sliding mode control is that they may cause chattering. 
Piecewise continuous control usually avoid chattering as the trajectory does not ’’get 
stuck” at the discontinuities.
Time-varying controllers have been extensively investigated [et al, 1994, Morin and 
et al, 1997, Yamada and Yoshiwa, 1998]. Most of time-varying controllers are gained 
from smooth time-periodic static state feedback, which are based on averaging and 
saturation type functions. Unfortunately, the convergence rate provided by smooth 
time-periodic feedback laws is necessarily non-exponential [et al, 1994, Morin and et al, 
1997, Yamada and Yoshiwa, 1998]. Thus the feedback controller that can provide faster 
convergence rates must be non-smooth. The feedback controllers can be derived using 
integrator back-stepping or ’’error tracking” approaches.
Hybrid controllers combine continuous-time features with either discrete-event or discrete­
time features [Krishnan and et ah, 1992, Krishnan and et al, 1994, Krishnan and et ah, 
1995]. The operation of hybrid controllers is based on switching at discrete-time in­
stant between various low-level continuous-time controllers. These controllers consist 
of a discrete event supervisor and low-level time-invariant feedback controllers. The 
supervisor configures the low-level feedback controllers and accomplishes switching be­
tween them in a way that provides stabilization of the system. Each of the low-level 
feedback controllers forces the base variables to trace a specific straight line segment 
of the base space path, which is selected by the supervisor to produce the desired 
geometric phase change.
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With the development of control theory, especially the theory for non-holonomic sys­
tems, more advanced techniques can be employed to construct controllers for under- 
actuated system. In the remaining part of this chapter, two control methods will be 
introduced for generic underactuated systems.
4.2 Time Varying Control Design for Underactuated Sys­
tem
The first recommended method is time-varying control design with state feedback lin­
earization technology. This method could be used for a wide range of nonlinear systems 
[Isidori, 1999, Tian and Li, 2002]. In this section, this method is applied on UoSAT-12 
with two reaction wheels and yields an asymptotic exponential convergence rate.
4.2 .1  T h e idea  beh in d  th e  control design
For the underactuated attitude system, there are only two independent control inputs. 
In the design procedure of time-varying control, first a controller for one control input 
is designed and explicit expressions for some states are obtained; then after singular 
transformation, the reduced system becomes controllable and can be stabilized by the 
second control input. A simple example is given below.
Consider a typical underactuated attitude system:
xi  =  Ui
X2 =  U2 (4-1)
X3 = XiX2
Let ui = —kix i ,k i  > 0, then xi  can be stabilized by ui.
Define the singular transformation =  X2 , ^ 2  = x^/xi .  The transformed system is 
described by
=  U2
=  (-kixi)ixs) < J.C
XI X? xi  x i
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Rewrite the transformed system as:
6 0  0 a 1
= 4-
& 1 ki & 0
U2 =  +  Bu (4.3)
Since [A, B] is controllable, after the singular transformation, various technologies can 
be used to design the control input U2 .
4.2 .2  A p p lica tion  on  un d eractu ated  a ttitu d e  control w ith  tw o reac­
tio n  w heels
Based on the idea presented in last subsection, the underactuated attitude control 
system can be designed. Assuming the total angular moment is zero, the attitude of 
UoSAT-12 can be described as equation (4.4):
91
9 i9 2  A 9 s  1 + Q2 
92 — ----------------4------— UJ2
93  =
2 + 2
9193 — 92 , 9 1  +  9293-Ui + -W2 04.4)
uiUJl = —
h
U 2
(^2 = - r
I 2
The next task is to find a feedback controller that can exponentially stabilize systems 
(4.4). States of the whole system are divided into two parts: one part is controlled by 
u\ and then expressed as time-varying functions; the other part could be controlled by 
U2 and supposed to be controllable after feedback linearization.
Control design for Ui by pole placement.
Let
U  =  (1 +  9i)^ i  +  { 9 1 9 2  -  9 3 ) ^ 2  
U = + 9 i ) ^  + ‘^ ^I9l9i 4- ^ [ { 9 1 9 2  — 93)<^ 2] (4.5)
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By introducing a new assistant variable a series of time invariant linear equations 
can be obtained as:
To =  gi
21 =  :%^ ^ 6 )
Ÿi = Ui
Since the linear system (4.6) is completely controllable, a controller can be designed by 
pole placement:
Ui = - K i [Yo gi Y i f  (4.7)
which stabilizes the system with exponential convergence rate.
It is assumed that ( —Iq —li —I2 ) are the desired real system eigenvalues and 0 <  Zq <
l\ < I2 . With the determination of Ki,  the states of gi Yi can be expressed as:
lo  =  +  mie~^+ +  m 2 e~^ ^^
91 ~  — l2 m 2 e~^ ^  ^ (4.8)
Y\ = 2lQmoe~^^  ^+  2limie~^+ +  2l2rri2e~^ ^^
where m o,m i,m2 are decided by the control matrix K \  and the initial values of 
[lo 91 Y i  ]^, Moreover, mo is given by:
^ 0  =  2(^2 -  Zo)(Zi -  I q )  P^i^2%(0) +  2 (/i + 12) 91 ( 0 )  +  Ki(0)] (4.9)
Since Iq is an assistant state variable, its initial value can be selected as needed. Set 
z =  moZoc"^o ,^ in order to guarantee z{t) ^  0 all the time, it is required that mo 7^  0 . 
It is easy to prove that i  =  —Iqz, and ^ i , l i  can be expressed as:
pi(t) =  - (1  +
moZo moZo
=  —(1 +  fi(t))z{t)
Yi(t) = 2(Zo +  hU]le-ih-lo)t ^
moZo moZo
= 2(lo + f 2 (t))z{t) (4.10)
Notice that
lim fi{t) = 0, lim f 2 (t) = 0
t —^ 00 f —»oo
and gi,Y i converge to zero point with exponential rates.
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Control design for U2 by feedback linearization and singular transformation
After the design of control input Ui, the states [ifi g^]'^ can be taken as the time 
varying functions in equation (4.8). By introducing the substitutions Y3 = ^ ,  the 
angular rate uj\ can be expressed as:
Yiit) -  (gi{t)g2 -  Y3z{t))uj2
1 +  Pi W
2(Zo +  f 2 { t ) )  — [“ (1 +  f l { t ) ) d 2  — Y 3 ]^ 2 (4.11)
Hence, angular rate wi converges to zero point at the same exponential rate with gi,Yi,  
and
^ h m  f 3 { t )  =  2lo  +  ( p 2  + 1 3 )^ 2
Then the reduced system can be transferred as:
. _  U2
<^2 — -y-
I 2
g2 = 
Ÿ3 =
1 + ^ 2  , [“ (1 +  / l  W )^ 2  +  Y3]z { t )
^ - 0.2 +  -----------------2-----------------
- (1  +  f l { t ) ) Y 3 Z ^ { t )  -  52
/3(Z)z(Z) (412)
h{i)  +
—(1 +  + 9 2 Y3 W2 +  I0 Y32 2
Considering that the time-varying parts of equation (4.12) approach zeros with time, 
the control input U2 can be designed for the simplified system:
Ù2  — (4T3)
Ÿ3 — — hg2 +  Z0I 3 — è(P2^2)
with
and
0 0 0
1
2 0 0
~Y Zq
1
h
B 0
0
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Then after the direct feedback of states uji,gi and singular transformation, a pair of 
stabilizable [Aq, B] is obtained. With the techniques discussed in [Tsiotras et ah, 1998], 
a time-varying control input U2 with higher orders can be designed.
4 .2 .3  Sim ulations and analysis
Simulations are conducted to show the effectiveness of this time varying underactuated 
control design for UoSAT-12 with two reaction wheels. The principal moments of 
inertia [ / i , /2 , l 3] =  [40.45,42.09,40.36]Zîpm ,^ the initial angular velocities are set as 
zeros, and the initial attitude is [0.2430,0.28960.0156]rad. The desired eigenvalues 
( Zo Zi Z2 ) — [0.2587,1.2670,1.5257] and the initial value of Iq is 2. The value of 10,11,12 
are obtained by trial and error. The choices of ZO, Z1,Z2 here are made to satisfy the 
requirement of less than 1 degree control accuracy based on capacity of reaction wheels. 
The larger ZO, Zl, 12 are, the larger control torque is required. The initial value of Yb is 
made to avoid mO to be zero.
Figure 4.1 shows the angular velocities and attitudes of UoSAT-12 with two reaction 
wheels under the time-varying control. The attitudes and velocities can be stabilized 
exponentially within around 1 orbit under the assumption that there is no initial angular 
velocity and no disturbances. The attitude error occurs is quite small. With respect to 
the time to achieve the stabilization, the time-varying control is much faster than the 
fully attitude control with only magnetorquers and the discontinuous underactuated 
attitude control design proposed by Tsiotras etc.
The second simulation is carried on with initial angular velocity but still without dis­
turbances. There is no obvious difference between Fig. 4.1 and Fig. 4.2. This indicates 
that the time-varying control design is not sensitive to initial angular velocity. How­
ever, the magnitude of this initial angular velocity is not large, and the initial value 
of LÛI has been taken into account already. Pre-knowledge of initial states is required 
here.
Figure 4.3 illustrates the results of the third simulation, where initial angular velocity 
and disturbances are taken into account. There is still no obvious difference compared
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Figure 4.1; Time-varying underactuated attitude control with two reaction wheels in
inertia pointing mode (no initial angular velocity and no disturbances), the control
torque in (c) peaks at 0.01177m on y-axis at beginning of the simulation
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control torque in (c) peaks at 0.014A^m on y-axis at beginning of the simulation
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with Fig. 4.1. This result shows that the control design can tolerate a certain magnitude 
of in-orbit disturbances, whose mean value is zero.
In order to investigate whether the time-varying design is also not sensitive to larger 
initial angular velocity and in-orbit disturbances, the fourth simulation is carried on 
with larger initial angular velocity whose magnitudes on 3 axes are 0.001. Differences 
can be seen from Fig. 4.4 compared with Fig. 4.3, which means this time-varying 
design is not robust any more.
The above simulations indicate that the time-varying control design can work effectively 
on underactuated system, under the assumption that the total angular momentum is 
zero. In addition, this time-varying control design method is not model-specific. There­
fore, it could be applied to a broad range of underactuated systems. This time-varying 
control design is not sensitive to initial angular velocity and in-orbit disturbances with 
certain magnitudes. But, when initial angular velocity and in-orbit disturbances be­
come larger, the time-varying control design cannot be robust. For larger initial angular 
velocity and in-orbit disturbances, it is worth to investigate the approach to add ro­
bustness to this control design against initial angular velocity and disturbances.
4.3 Discontinuous Control Design for Underactuated Sys­
tem
Through the review of underactuated control design methods, it has been found that 
most discontinuous controllers are gained from a piecewise smooth control Lyapunov 
function. However, there is no general method for constructing Lyapunov functions. In 
this section, a generic architecture will be presented to design discontinuous controllers, 
and a new discontinuous controller will be proposed for underactuated attitude control 
with two reaction wheels. The idea behind this discontinuous control design is forcing 
the controllable part of states to track the desired trajectories, which can lead to the 
control of the underactuated axis and then realize stabilization of the whole system.
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4 .3 .1  A p p lica tion  on  u n deractu ated  a ttitu d e  control w ith  tw o reac­
tio n  w heels
For underactuated attitude control, angular velocities wi and W2 can be used as virtual 
control inputs considering the kinematic part as described in [Tsiotras and Doumtchenko, 
2000]. Recall the control design procedure introduced by Tsiotras and Doumtchenko 
[2 0 0 0 ], let wi,W2 to track uJid,<^ 2 d exponentially with given 7 , then the control problem 
is transferred to the control of the kinematics with desired cuid, (jJ2d being the new con­
trol inputs. Considering the full order kinematic representation in equation (4.1), pg 
can be stabilized through choosing a set of desired trajectories for gi and Q2 and using 
^ id i ^ 2 d as control inputs. Tsiotras and Doumtchenko [2000] proposed model-specific 
trajectories for ^land p2 - Here, a new generic approach for the design of desired trajec­
tories is proposed based on state feedback linearization techniques that were introduced 
in Section 4.2. A new controller is also presented.
(4.14)
According to [Tsiotras and Doumtchenko, 2000], if gi and g2 are set as:
91 =  vid
92  =  V2d
then ^3 can be formulated as
gz = 9 iV2d -  92Vid (4.15)
Now the problem is: how to design vid and V2d so that gi, g2 and gs are stable. Feedback 
linearization technique introduced earlier in this chapter will be utilized to generate vid 
and V2d- Let
Vid = —kixi ,  k i >  0 (4.16)
then xi  can be stabilized by vid- Define the singular transformation = g2 , ^ 2  = 9 3 19 i- 
The transformed system is described as
él =  V2d
XI
(4.17)
Rewrite the transformed system as:
& 0  0 1
= +
6 ki ki 6 1
4- Bv2d (4.18)
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Since [A, B] is controllable, after the singular transformation, many technologies can 
be utilized for designing the control input V2 d- Here V2d is constructed by the LQR 
method as:
V2d = k2^i +  /c3^ 2 =  k2g2 +  k3g^/gi (4.19)
The desired angular velocities of two active axes can be expressed as the functions of 
he.
“w = R5FW5Î [b + + fe  -  9 i9 2 )v2 i ] ^^ 20)
^2d =  [(1 +  gi)'^2d +  { - 9 3  — 9l92)'^ld\
Using the control inputs v\d  and i.e. equation (4.16) and (4.19), suffers from
singularities. To avoid this, the following modification is proposed:
(4.21)
V2d = h92  +  k3 sa t{^ ,a)
where the saturation function is specified as
X  —a < X  < a
sat{x) =  < a X  >  a  (4.22)
4.3 .2  S im ulations and analysis
In this section, the discontinuous control design will be validated through UoSAT-12. 
The simulations here have the same initial conditions as the simulations in Section 4.2.3. 
In addition, the gains of the cascade discontinuous controller are set to A:i =  0.003, k2 = 
—0.003, k^ =  —0.006.
For the first simulation, it is assumed that the total angular momentum of the satellite 
is zero, and there are no initial angular velocity and disturbance. Figure 4.5 shows the 
history of attitude and angular velocities for this discontinuous control design. The 
attitude and angular velocity can be stabilized by two reaction wheels within around 
two orbits.
Figure 4.6 shows the results of this discontinuous control design with initial angular 
velocity. Unsimilar with the time-varying control design, the discontinuous control
4.3. Discontinuous Control Design for Underactuated System 8 6
35
—  x-a x is  
 y -a x is
—  z -a x is
25
20
3  10
-5,
2000  4000  6000 8000 10000 12000
Time (s)
(a )
0.05
-0 .05
2000 4000 6000 8000 10000 12000
—  x-axis  
y-axis  
— z-axis
Time (s)
(b)
X 10
- - x-axis 
y-axis
0.5
R -0 .5
-1.5,
2000 4000 6000 8000 10000 12000
Time (s)
(c)
Figure 4.5: Discontinuous underactuated attitude control with two reaction wheels in
inertia pointing mode (no initial angular velocity and no disturbances)
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design is sensitive to initial angular velocity, which is unmodelled in the attitude equa­
tion. When LJi and gi are used as explicit expressions to linearize other states, they 
are expected with high fidelity.
Since the simulation with both initial angular velocity and in-orbit disturbances in this 
case is quite similar with that with only initial angular velocity, the simulation results 
are not listed here.
4.4 Conclusions
The state of the art of underactuated control is reviewed in this chapter. In addition, 
two new control design approaches, i.e. time-varying control design and cascade dis­
continuous control design, are proposed for underactuated attitude control with two 
reaction wheels. These two approaches are both based on feedback linearization tech­
nique and can be used for a broad range of systems. Numerical simulations show that 
these two control design approaches are efiicient for underactuated control. However, 
both time-varying design and discontinuous control design, especially the later one, are 
quite sensitive to disturbances and other issues that are not modeled in system equation. 
The two approaches can provide better control performances if the system equations 
have high fidelity, which means enough pre-knowledge about the whole system and the 
sources of disturbances are essential. However, unexpected in-orbit disturbances and 
other uncertainties exist in practical. Therefore, for underactuated attitude control 
with two reaction wheels, a more robust control design approach is expected.
4.4. Conclusions
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Figure 4.6: Discontinuous underactuated attitude control with two reaction wheels in
inertia pointing mode (with initial angular velocity but without disturbances)
Chapter 5
Robust Nonlinear Hoo Control 
D esign - A N ew  M ethod for 
Finding Control Solution
In previous chapters, various attitude control approaches dealing with actuator failures 
have been investigated, with a special interest on the underactuated control. A control 
performance with 1 degree pointing accuracy and 6000s settling time was set as the 
requirement after reviewing missions with actuator failures in Chapter 1. A state 
feedback linearization method is also proposed for underactuated attitude control of 
UoSAT-12 in Chapter 4. These approaches can point the satellite with better than 
1 degree accuracy, but have problems with robustness, especially the discontinuous 
one. Meanwhile, attitude tracking needs to be considered. Therefore, a design method 
that is not model-specific and can provide robustness to the control system is under 
seeking. A possible design method to satisfy these requirements is the nonlinear Hoo 
control, which can provide not only robustness to systems to against disturbances and 
uncertainties, but also a systematic architecture for nonlinear control design. The key 
of nonlinear Hoo control design is how to solve the nonlinear HJI inequality. In this 
chapter, theoretical background of nonlinear Hoo control will be introduced, followed 
by a review of existing solutions for nonlinear HJI inequality. A focus of this chapter is 
a new energy-compensation based approach to solve the nonlinear HJI inequality, which
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could lead to a new control design method. This energy-compensation based approach 
can guarantee the existence of a solution to nonlinear HJI inequality for a controllable 
system. Comparison of this approach with existing approaches will be made through 
the attitude control of UoSAT-12 with three reaction wheels.
5.1 Introduction of Nonlinear Hoo Control
Generally, there are three control methods that have the ability to deal with distur­
bances and uncertainties: sliding mode control, adaptive control and nonlinear Hoo 
control [Khalil, 2002, Edwards and Spurgeon, 1998, Sastry and Bodson, 1994]. Sliding 
mode control switches from one continuous structure to another based on the current 
position in the state space. It needs not to be precise and is sensitive to parameter 
variations that enter into the control channel. However, it is not easy to find a slid­
ing surface, where the system trajectory exhibits desirable behavior. Adaptive control 
involves modifying the controller used by a controller to cope with the fact that the pa­
rameters of the system being controlled are slowly time-varying or uncertain. Adaptive 
control can adapt itself to some changing conditions but usually has a heavy computing 
load. Nonlinear Hoo control does not have those shortcomings; therefore it is adopted 
to design the controllers for nonlinear underactuated spacecraft systems.
Nonlinear Hoo framework provides a systematic method for deriving nonlinear con­
trollers for nonlinear systems, involving disturbances into the derivation and providing 
robustness to model uncertainties [Sinha and Pechev, 2004, Tsiotras et ah, 1998, Pechev, 
2007].
The nonlinear system is first represented in the following generic form:
X = A { x ) B i { x ) w B 2 {x)u (5.1)
which describes a plant with state x, a control input u and bounded exogenous input 
variables w;
Then a penalty function q is introduced:
q = Cx  4- D\w  -f D 2 U (5.2)
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which is connected with the precision via the choice of C, magnitude of bounded ex­
ogenous input via Di  and the cost of control via D 2 . Here C^D 2 = =  0
and D 1 D 2 = 0, which are required to avoid the coupling terms between control preci­
sion, cost and bounded exogenous input [Sinha and Pechev, 2004, Tsiotras et ah, 1998, 
Pechev, 2007].
The purpose of control is to make the system (5.1) dissipative near {x,u) = (a;o, 0). 
With a given real number r  > 0 and further a given supply rate s{u, q) = ruFw  — q^q, 
the dissipative system (5.1) is stable if there exists a storage function y(a;), which is 
nonnegative and vanishes at a; =  0, and V(x) < s{u, q)dt [Sinha and Pechev, 2004, 
Tsiotras et ah, 1998]. Larger r is, lower bounded exogenous input would be.
Under the assumption that V{x) exists, the following inequality need to be satisfied for 
a dissipative system:
fOO
0 < V { x ) <  /  s{u,q)dt (5.3)
Jo
Equation (5.3) can be also represented in the following equivalent form:
V (x) < \ \w f  -  \\q\\  ^ (5.4)
Inserting equation (5.1) into equation (5.4) yields the HJI inequality
{A{x) +  Bi{x)w  4- B 2 {x)u) 4- x'^C'^Cx -f
—vF{r‘^ I — H iD i)w  4- 2x^C'^D\w < 0
(5.5)
Here Vx is gradient of storage function U, and Vx,w,u  are assumed unknown. For 
convenience, the left-hand side of equation (5.5) is denoted as
H{Vx,w,u) = Vj'{A{x) -{■ Bi{x)w B 2 {x)u) + x'^C'^Cx
-\-u^D2 D 2 U — vF{r ‘^ — D iD i)w  4- 2x'^C'^Diw
In order to solve the HJI inequality, the game theory is used to find a saddle point 
in H{Vx,w,u)  and to obtain an optimal control input against the worst disturbance 
for the given r [T. Basar, 2008]. Let ^  =  0, and since =  (D^D 2)"^ > 0, the 
optimum control is
«min =  (æ )U  (5.7)
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Also let §§■ =  0, and because =  —{r^I — D iD i )  < 0, the maximum disturbance
is =  \ ( r ‘^ -  D'^Di)-^[Bj(x)V^ -  2DjCx\.
Inserting itmin, Tt^ max into H(Vx,w,u)  transforms the HJI inequality (5.5) to
Vj'Aix)  +  \ [V jB i (x )  -  2 x ^ C ^ A l(rV  -  (æ)U -  2DfCx]
+x'^CFCx -  \V J B 2 (x)(D'^D2 )-^B‘^ {x)V^ < 0
(5.8)
This inequality can be solved for the unknown storage function Vx- Consequently, 
the optimal controller Umin in equation (5.7) can be obtained. The controller design 
problem is thus translated to the problem of solving the nonlinear inequality (5.8).
When Di = 0, which means there is no exogenous input in penalty function, the HJI
inequality can be re-written in the form as:
Vx A{x) -f -^ \Y x  Bi{x)][Bi (x)Vx] +  x'^C^Cx  
-\vJ'B2(x){D^D2)~'^BT(x)V, < 0
(5.9)
For simplification, following discussions are carried on assuming Di = 0.
5.2 Existing Solutions to HJI Inequality
In the late 1980’s, Doyle and coworkers discovered that the optimal linear Hoo control 
problem can be solved with the help of two Ricatti equations [J.C.Doyle and K.Glover, 
1989]. Later this theory was extended to the nonlinear Hoo control problem, whose 
solution has been connected to the existence of a solution to HJI differential inequality. 
In the early 1990’s, Van der Schaft proved that the solution satisfying the HJI equation 
is also a solution to the HJI inequality [Schaft, 1992]. Therefore, many attempts have 
been made to the problem of solving the HJI equation. Several approximations are 
made to obtain the same solution of HJI equation with given Matrices C, D\  and r.
5.2.1 Taylor series approxim ation
Considering the analytical solutions, following the work of Lukes [D.L.Lukes, 1969], 
one of the well-established approach relays on separating out the nonlinear terms into
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Taylor series for solving the nonlinear HJI equations. Then the first few terms in the 
series can be found by various techniques, for example, polynomial approximations.
The idea behind this approach is based on considering the system as a perturbation 
of a linear system, with the control being an extension of a linear control. The linear 
control is obtained by solving the generalized Ricatti equation. This approach is easy 
to implement and quick to calculate, and has also been proved to have a practical value 
[Sinha and Pechev, 2004]. This approach can be found in [Sinha and Pechev, 2004, 
Tsiotras et ah, 1998].
Separating the nonlinear functions Vx,A{x),Bi{x)and B 2 {x) into series of x  and sub­
stituting into HJI equation yield:
O O  o o  O O  m
( E  V ^ ) { A , x  +  E  M = : ) )  +  4 ^ {  E  V ^ ) { B n  +  E  B in  W ) ( B n  +  E  B i „ ( x ) g {  E  K x )
n = l  n —2 n = l  n —2 n —2 n = l
oo oo „  oo „  oo
+x^CFCx  -  i (  E  K S ) (B 21 +  E  B 2„(x))(£>JZ ?2)-1(B 21 +  E  B 2„ ( x ) f {  E  K x )  =  0
n = \  n = 2  n = 2  n = l
(5.10)
By separating out different orders in terms of x, a series of equations can be obtained.
The first equation of these series is the linearized problem that can be solved by setting 
Vi = x^Px,  where the symmetric positive definite matrix P  is derived from
P A i  +  Â [ P  +  C^C -  P B 2 i ( D ' ^ D 2 ) - ^ B ^ i P  + ^ P B n B l i P  =  0 (5.11)
The solution to equation (5.10) is equivalent to the linear Hoo control design. Taking 
higher orders in W (n =  2,3 • ••) allows finding higher orders of controllers. This can be 
done as many times as desired to approach a closed-form solution.
5.2 .2  S ta te-d ep en d en t R ica tti equation
The state-dependent Riccati equation (SDRE) approach is also used to solve HJI equa­
tions [J.Cloutier and C.Mracek, 1996a,b, K.Hammett, 1997]. The coefficients in the 
SDRE are the functions of the state instead of being constant-valued in linear cases.
This makes the HJI equation much more difficult to be solved. In addition, in the 
nonlinear case, the resulting control is only suboptimal.
The idea behind this method is to parallel the use of the Riccati equation for lin­
ear problems by rewriting the nonlinear functions of x  in equation (5.8) as A{x) =
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Ai{x)x, Bi{x) = Bii{x)x,  B 2 {x) = B 2 i{x)x. Note the choices of A i{x ) ,B n {x ) ,B 2 i(x) 
are not unique, and different choices will result in different controls. With A(x), B \ (æ), B 2 {x) 
being rewritten in this way the state-dependent Riccati equation is of the form
(5.12)
P{x)Ai (x) +  Ai  (x)^P(x) +  r  ^P(x)Bii (x)Bii (æ)l’P(x) +  CFC
-P(x)B2i{x){D'^D2)-^B2i{xfP{x)  =  0
and the optimal feedback control is given by
Urninix) = - ^ ( D I D 2 )~^B'^i{x)P(x) (5.13)
This Riccati solution P{x) is state-dependent and is not as easy to be found as for 
the constant coefficient case, except for simple problems with certain structure. One 
proposed method for the general case is to rewrite Ai{x).,P{x) in terms of a constant 
part as A\  and P\ and a state-dependent part as Au{x)  and Pn{x),  respectively. 
Substituting these into the state-dependent Riccati equation (5.12) yields:
[P i + P ii(o :) ]  [Ai 4- A l l  (a:)] 4- [A i 4- An{x)Ÿ '  [P i 4- P n ( r r ) ]  
+ r -2  [P i +  P i i ( x ) ]  [B i2 +  B i3(x)] [B i2 +  B i3(x)1^ [Pi +  P u ( x ) ]
-  [P i +  P i i ( x ) j  [B22 +  B 23{x)]  {D^D2 )-^ [B22 +  B 2 3 { x ) f  [P i +  P i i ( x ) j  +  C^C =  0
(5.14)
Now by matching terms, the following set of equations is obtained, which can be used 
to determine P{x):
PiAi + A jPi + r-^PiBisB^fi -  PiB22{D'^D2)-'^B^Pi + CFC =  0 
P ii.4 * (x ) +  .4*^ (x)P ii +  P i .4 i i(x )  +  .4 l’i(x )P i
(5.15)
+ r -2 P iB i3 (x )B f3 (x )P i -  P iB 2 3 ( 4 ( B lD 2 ) - ip ^ ( x ) P i  =  0 
.4*(x) =  Æ  +  r-2P i2B ^P i -  B22(D^D2 ) - ip ^ P i
The SDRE method is similar in its advantages and disadvantages to the Taylor series 
approximation. They both consist of calculating out first few terms of a power series, 
and both are calculated very quickly. However, SDRE approach always uses only two 
terms, which would produce only a suboptimal control even if solved exactly.
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5.2 .3  S uccessive  G a le rk in  a p p ro x im a tio n
Another approach is through successive approximation. One success method in this 
approach is to combine successive approximation and Galerkin approximation methods, 
which is illustrated in [Beard and et al, 1996, Beard and T.W.Mclain, 1998a,b]. This 
method can improve the control performance effectively; however it is sensitive to the 
chosen initials and basis functions.
Successive Galerkin approximation algorithm constitutes two nested iterations in space 
ft corresponding to the min-max problem associated with the nonlinear Hoo control. 
Assuming there is an initial control function u^, which can stabilize the nonlinear
system, and an initial external disturbance = 0, the algorithm can be implemented
as below:
S tep  1: Choose basis function cf);
Step  2: Initialize 
S tep  3: Solve
f  [C‘^ V 4 i{A{x)+Bi{x)w'+B 2 {x)u')+x^C''^&x+i/'^D '^Du‘-r'^w''^w']dx = 0 
Jn
(5.16)
for C;
Step  4: Set
= ^ r - ^ B f { x ) V f &  (5.17)
S tep  5: Set
=  i(£)^X ))-iB ^ (æ)Vÿ^C' (5.18)
S tep  6: Go to Step 3 with and until
Here w'^  is the worst possible disturbance and is the minimum control input against 
the given worst disturbance. The key is that the nonlinear HJI equation has been 
reduced to a sequence of linear partial differential equations. These equations can
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be approximated via a global Galerkin approximation scheme. To do this, a set of
N  . ,rjl
N  basis functions (pi is chosen, and it is assumed that V^{x) = X) =  (7* (f>.
1=1
The Galerkin approximation to equation (5.11) is given by V^{x) = 4>, where the
coefficient matrix C* is the solution to the linear algebraic equation (5.16). The resulting 
feedback control can be written as = —\(D 2 D 2 )~^B2 {x)V4>^ C' .^
5.3 Energy-com pensation based Approach for Nonlinear 
HJI Inequality
One of the limitations of existing approaches is that a solution does not always exist for 
a given pre-defined penalty function. In [Schaft, 1992], van der Schaft has investigated 
the existence of the solution to a linear HJI equation and concluded that the solution 
exists if the equilibrium point of a suitable Hamiltonian system is hyperbolic. He 
showed that if the linear approximation of the Hoo control exists, the HJI equation 
is solvable and the corresponding state feedback has the desired stabilizing properties. 
Moreover, the solution exists if the corresponding Hamiltonian matrix
-C F C  - A j
does not have imaginary eigenvalues and the real part of each eigenvalue of A\ — 
B 2 i{D'^D)~^BJiVx is negative.
Although Schaft provided a mechanism for testing the the salvageability, there is no a 
direct method that ensures a solution by providing a mechanism for specifying bound 
on the performance requirements. In other words, if the weighting matrices are not set 
properly, the solution will not exist although the system is controllable. The existing 
approaches thus do not provide a mechanism of selecting the weighting matrices leading 
to solvable HJI inequalities. From common sense, the stability of a system against a 
disturbance only depends on the property of the system itself, while the weighting 
matrices C, D and L 2 gain r effect only the control performance. In this section, a 
new efficient algorithm is proposed, which provides a systematic approach for selecting
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weighting matrices that guarantee the solution to the HJI inequalities and the nonlinear 
controller design problem.
The energy compensation approach for the solution to the HJI equation can be sum­
marized as the following steps: 1) Derive optimal controller under the assumption that 
the system is not influenced by disturbances, i.e. Bi (re) =  0; 2) Introduce disturbances 
and calculate the additional control effort needed to contract those disturbances; 3) 
Additionally for nonlinear systems calculate higher order storage functions and the 
corresponding controllers. Details of these steps are as follows:
S tep  1: Assuming that there is no disturbance acting on the system, the 1®* order 
linearized system can be stabilized if [A%, H21] is controllable. Similar to the 
LQR, to get the optimal controller the following Riccati equation is solved
PiAi + A j P i +  C^C -  P1B 21 =  0 (5.19)
The associated closed-loop system (5.20) is thus asymptotically stable
x  = A i x - B 2 i(D '^D)-^BIiPi (5.20)
In this step, only the system stability is of concern.
S tep  2: Following Step 1, it is assumed that the worst-case disturbance is modeled as
1
and the additional control inputs as
uui = -{D ^D )-^B '^P 2 X.
The additional energy that is needed to attenuate the disturbance can be ex­
pressed as F  =  x'^P2 X, P2 > 0, and this energy should, at least, compensate 
the energy brought by the difference between disturbance and additional control 
inputs , i.e.
V  P J  — uv^{D^D)~^uui)dt = 0 (5.21)
Differentiating equation (5.21) gives
r -& ^ (A  +  P2 )B n B ji  (Pi +  f^)x  -  (D'^D)~^B^iP2 X
yO.ZZ )
-\-2 x^P 2 X =  0
5.3. Energy-compensation based Approach for Nonlinear HJI Inequality 98
(5.23)
(5.24)
Using the system model (5.20) transforms equation (5.22) into
r-2x^(Pi +  P2 )B „B ji(P i + P2)x -  x^P2B2i(B^B)-1bJiP2X 
+2x^P2(.4i -  B 2 i(B ^B )-iB i;P i)x  <  0
Expanding equation (5.23) and writing in the form of:
2 P2 [Ai -  B2i(D ^ D )-iB ^ P i] -  P2 B 2 i (D ^ D )-^ B IP 2  
+ r-2 (P i +  P2 )B iiB fi(P i +  P2 ) <  0
Since the closed-loop system from Step 1 is stable,
Ai -  B 2 i (n ^ B )-^ B [ iP i  < 0.
Therefore,
2 P2 [^ 1  -  B 2i(B ^B )-1bJiP i] <  0.
If
-P2B 2i(B ^B )-'B ^iP2 +  r-2 (P i +  P2)BiiBfi(Pi +  P2) <  0 
, the inequality (5.24) can be satisfied.
Stronger requirement can be made here that
-P 2B 2i(D ^B )-'B ^P 2  +  2r-^P iB nB[iP i  +  2r-^f^B nB ^B b =  0 (5.25)
After Pi is obtained from Step 1, P2 can be solved from
B2 =  -2 r-2 P iB iiB fiP i[(-B 2 i(B ^ B )- 'B i’i+ 2 r-2 B iiB fi)(-2 r-2 p iB iip T p i)]- i/2
(5.26)
Attentions need to be paid that if P2 is semi-positive,
2 r - ^ B iB f  -  B2(B^B)BJ’ <  0.
The optimal control input against disturbance is
« i =  (B ^D )-1b |; (P i +  P2)x , 
and the worst-case disturbance that satisfies the penalty is
wi = p 2 )x.
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The associated closed-loop system is
iT: - I d Tx = A i x -  -t- P2 )x 4- -^B n B i^ iP i  4- P2 )x (5.27)
with the storage function V = V  A V i = x'^ {Pi + P2 )x. This closed-loop system 
is also stable, and the value of the HJI function is less than zero.
S tep  3: For nonlinear systems, this step is same as the classical Taylor series approach 
where higher order polynomials are used to construct V{x).
5.4 Simulations and Analysis
In this section the above four solutions for nonlinear HJI inequality will be used re­
spectively to derive the nonlinear Hoo attitude controllers for UoSAT-12, where three 
reaction wheels are installed along three principle axes of the satellite. In the dynam­
ics, let u represent the control input, W; represent angular velocities of the satellite, 
Texti represent external torques and Gibbs parameters gi represent the attitude of the 
satellite. Assuming that x  =  9ii9 2 i9^]' and the total angular momentum is
zero, the system equation can be written as
where
A{x) =
X = A{x) 4- Biw  4- B 2 U
1+ 4
2 I 2
. I
2 I 2 'X2 4"
2 *^4 I 2
X5X4+xe 1+^ 5 —  _j_ X5Xe-X4
X4xe-x^^^ +
Bi =
1
h 0 0
0 1h 0
0 0 1I3
0 0 0
0 0 0
0 0 0
(5.28)
(5.29)
(5.30)
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w =
T e x tl
Text2
Texts
(5.31)
B 2 =
u =
T. 0 0
0 i 0
0  0 1h
0  0 0
0  0 0
0  0 0
Ui
U2
Us
(5.32)
(5.33)
The main objective is to design a controller that minimizes the effect of the disturbance 
torque w on a pre-specified penalty function that is constructed from the attitude pa­
rameters and the capability of reaction wheels. The penalty function is in the following 
form:
Q =
Cl 0 0 0 0 0 0 0 0
0 C2 0 0 0 0 0 0 0
0 0 C3 0 0 0 0 0 0
0 0 0 04 0 0 0 0 0
0 0 0 0 C5 0 X + 0 0 0
0 0 0 0 0 C6 0 0 0
0 0 0 0 0 0 di 0 0
0 0 0 0 0 0 0 d2 0
0 0 0 0 0 0 0 0 ds_
u
(5.34)
=  Cx  -f Du
For the simulations in this section, the parameters in the penalty function are set as: 
T — 200, C\ — C2 — C3 — 0, C4 — C5 Cg 0.1, and d\ ^  d2 ~~ dg — 2.5.
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The linearization of matrix A  in equation (5.28) about a; =  0 is given as
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0.5 0 0 0 0 0
0 0.5 0 0 0 0
0 0 0.5 0 0 0
The solutions of the nonlinear HJI equation are obtained via the four approaches intro­
duced in this chapter, i.e. 1) Taylor series approximation; 2) State dependent Ricatti 
equation; 3) Successive Galerkin approximation; and 4) Energy-compensation based 
approach. Then simulations are carried on respectively, using four nonlinear Hoo con­
trollers that are derived from the four solutions of the HJI. The results of simulations 
are shown in Figs. 5.1-5.4.
The simulation results indicate that all the four controllers that are derived from dif­
ferent HJI solution approaches can stabilize the attitude of the satellite. According 
to Fig. 5.1 and Fig. 5.2, the performances of the controllers obtained via Taylor se­
ries approximation and state dependent Ricatti equation are quite similar. Compare 
with others, the controller obtained via successive Galerkin approximation (Fig. 5.3) 
requires larger control torques, which could stabilize the satellite more quickly and 
against larger disturbances. However, larger control torques imply higher power con­
sumption and, possibly, the saturation of reaction wheels. From Fig. 5.4, it can be 
found that with same system parameters the controller obtained via the new proposed 
energy-compensation based approach requires smaller control torques. This indicates 
that the energy-compensation based Hoo controller can stabilize the attitude system 
more efficiently.
In addition to the above simulations, other simulations are implemented to investigate 
the influences of parameter choices in the penalty function. Due to page limitation of 
the thesis, the details of the simulation results are not presented here. Alternatively, 
a summary is provided in Table 5.1. The first column of the table indicates which 
parameters are changed compare with the parameter values used in Fig. 5.1-5.4, i.e.
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Figure 5.1: Simulation results with the controller obtained via Taylor series approxi­
mation
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Figure 5.2: Simulation results with the controller obtained via State Dependent Ricatti
Equation
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Figure 5.3: Simulation results with the controller obtained via Successive Galerkin
approximation
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Figure 5.4: Simulation results with the controller obtained via energy-compensation
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r  =  200, Cl =  C2 =  C3 =  0, C4 =  cs =  Ce =  0.1, and di = d2 = ds = 2,5.
Table 5.1: The influences of parameter choices in the penalty function
Parameters Accuracy I Required Torque Robustness
r = 3 0 0 Improved but at 
same magnitude
Lower but at same 
magnitude
Cannot against 
practical 
disturbances
r  =  100 Lower but at same 
magnitude
Higher, above RW 
capacity
Can against 
practical 
disturbances
C3 =  1 ,C 4  =  
1, C5 =  1
Improved but at 
same magnitude
Higher, above RW 
capacity
Can against 
practical 
disturbances
d\ — 25,6^ 2 — 
25
Lower but at same 
magnitude
Lower but at same 
magnitude
Cannot against 
practical 
disturbances
C l =  0 . 1 ,  C2 =
0 . 1 , C3 =  0.1
Similar Similar Can against 
practical 
disturbances
The table shows that larger c% is, higher the control accuracy will be and larger control 
torque is required to against larger disturbances; smaller di is, larger the control torque 
will be required and higher control accuracy will be to against larger disturbances; 
larger r  is, smaller the control torque will be required and higher control accuracy will 
be but to against smaller disturbances.
5.5 Conclusions
The nonlinear Hoo control technology has been investigated in this chapter. The non­
linear Hoo control can deal with external disturbances and system uncertainties. In
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addition, it provides a systematic architecture to design controllers for nonlinear sys­
tems. A critical part of designing a nonlinear Hoo controller is to solve the nonlinear 
HJI inequality. By far the primary approaches to solve nonlinear HJI inequalities in­
clude Taylor series approximation, state dependent Ricatti equation, and successive 
Galerkin approximation. In this chapter, these three approaches are reviewed in the 
context of designing nonlinear Hoo controllers. The main contribution of this chapter 
is the proposal of an energy-compensation based approach, which can guarantee the 
existences of the solutions to nonlinear HJI inequalities. The performance of the pro­
posed energy-compensation based approach is compared with those of the three existing 
approaches, by being applied on the design of nonlinear Hoo controllers for UoSAT-12. 
Numerical simulations show that all the four nonlinear Hoo controllers that are ob­
tained via the four solutions of HJI inequalities can stabilize UoSAT-12. The nonlinear 
Hoo controllers via Taylor series approximation and state dependent Ricatti equation 
can provide quite similar control performances; the controller via successive Galerkin 
approximation can stabilize the satellite against larger disturbances but needs larger 
control inputs. Compare with others that are based on existing solutions to HJI in­
equalities, the nonlinear Hoo controller via energy-compensation based approach can 
stabilize the satellite with smaller control inputs. Another advantage of the energy- 
compensation based controller is its quick response, as it stabilizes the satellite with 
shorter time than Taylor series approximation based and state dependent Ricatti equa­
tion based controllers. Although it is slower than the successive Galerkin approximation 
based controller, the good balance between performances and resources makes it very 
efficient for nonlinear systems, especially for underactuated attitude system.
Chapter 6
Improvement of Underactuated  
A ttitude Control using Hoo 
Design
Discussions in Chapter 3 and Chapter 4 indicate that disturbances, especially those 
applied on the underactuated axis, greatly influence the accuracy of underactuated at­
titude control and even make system unstable. On the other side, the nonlinear Hco 
control investigated in Chapter 5 shows robustness to disturbances with magnitude of 
-5. In this chapter, the principle of nonlinear Hoo design will be utilized to improve the 
pointing accuracy of existing underactuated attitude control methods against distur­
bances. The discontinuous Lyapunov-based under actuated attitude control design is 
taken as an example here, its parameters are tuned or constructed to satisfy nonlinear 
HJI inequality for adding robustness on an existing controlled system. The effectiveness 
of this improvement on pointing accuracy against disturbances is demonstrated in the 
second part of this chapter, where simulation results of the Hoo-enhanced discontinu­
ous underactuated attitude control are compared with those of existing control designs 
in Chapter 3 and Chapter 4.
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6.1 Improvement of Robustness for Cascade Discontinu­
ous Controller
A cascade discontinuous controller proposed by Tsiotras and Doumtchenko [2000] has 
been introduced in Chapter 3. This controller was designed under the assumption that 
the total angular momentum of the whole satellite is zero. This assumption means that 
there is no disturbances acted on the satellite and the angular velocity of the under- 
acuated axis is zero for an underactuated satellite with only two functional reaction 
wheels. For this control design, the angular velocities of two active axes play the role of 
“virtual” control inputs for the kinematic system of the satellite. The control torques 
provided by two reaction wheels only directly affect the angular velocity components 
on two active axes. The whole design procedure for this control design is divided into 
two parts; firstly, trajectories of the angular velocities of two active axes are designed 
for 3-axis attitude stabilization of the satellite; then the torques produced by two re­
action wheels force the two angular velocity components to move along the designed 
trajectories. Recall the system equation (3.3) presented in Chapter 3:
=  “ TP 
ÜJ2 =
gi = ry lw i +  (6.1)
52 =
53 =
Furthermore, recall the controller (3.9) presented in Chapter 3:
t'ld -  kgi + 
•'id =  - k g 2 -
(6.2)
where k > p / 2  > 0 .
Set Lyapunov function as:
V  = ("1 + d  + â  + â  (6.3)
where
^Id — +  92)^ld +  { -9 i92 +  93)^2d]
^ 2 d  = [(1 +  9 l ) ^ 2 d  +  { ~ 9 l9 2  -  9 ^ ) ^ ld \
(6.4)
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and k > 0 , p > 0 .
Let, moreover,
ill = Iiki{(jJi — uid) — hdJid
(6.5)
/l2 — 72^2 (^1 — < ^ ld )  ~~ l2^1d
with ki > 0, A)2 > 0.
The derivative of the Lyapunov function (6.3) with respect to time is:
V  =  (w i — cnid){cni — ù i d )  +  (wg — W2j ) (w2 — ^2d)  +  9 i 9 i  +  9292 +  PsPs (6 .6 )
Insert hi, ^2 into equation (6.6), the derivative of Lyapunov with respect to time can
be modified as
V  =  —ki{uji — uidŸ ~~ ^2 (^ 2  — W2d)  ^— kg\ — — pg^ (6.7)
If hi > 0, ^2 > 0, h > 0 and p >  0, the derivative of Lyapunov is less than zero. In other
words, the whole attitude system is stabilized by the cascade discontinuous controller. 
This was also validated by the numeric simulations in Chapter 3.
With the assumption that the total angular momentum of the satellite is zero, the 
system equation (6.1) does not take into account the in-orbit disturbances, the influ­
ence from the angular velocity of underactuated axis, and the coupling terms between 
angular velocity of the satellite and angular momentum of reaction wheels. However, 
in practice the total angular momentum of the satellite cannot be kept as zero all the 
time. If taking all the influences into account, the system equation can be written as:
" i  =  - ^  +  h f  
^
51 = m lw i  +  (6.8)
52 =  +  iÿ io .2  +
53 =  +  &jp&W2 +  ^ W 3
where Texti-,Text2 stand for all disturbances acted on two active axes of the satellite. 
The uncontrollable angular velocity U3 is treated as disturbances for gi,g2 and gs.
For simplification, equation (6.8) is re-formulated as
X = A{x) + Bi{x)w + B 2 {x)u (6.9)
6.1. Improvement of Robustness for Cascade Discontinuous Controller 1 1 1
where
X  =
UJl
W2
91
92
93
A{x) =
+  Sl±fS3-U2
Bi{x) =
%(æ) =
R  0 0
0  i
0
0  0 .91.93+.92 2
0  0 .92.93-.9l2
0  0
1+9.S
2
1
h 0
0
1
h
0 0
0 0
0 0
w =
u =
T e x tl
Text2
Wg
hi
h2
(6.10)
(6.11)
(6.12)
(6.13)
(6.14)
(6.15)
A controller will be designed for system (6.8), which considers the control accuracy and 
the torque limitation of reaction wheels onboard UoSAT-12.
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Given r  > 0 and a penalty function:
Q =
C l  (u>l — C J ld )  
C2 (CÜ2 — CJ2d) 
C391 
ca92 
C5P3
(6.16)
The objectives is to find a state feedback controller, such that, along the trajectories 
of a close-loop system, one has [Astolfil998]
H JI{u ,V )  = Vx{A{x) +  B 2 {x)u) +  Va 4^ .2 Vx + 9  q < 0 (6.17)
where the Lyapunov function V  is defined in (6.3), Vx is the derivative of V  with respect 
to X, and A{x) +  Bi{x)w  +  B 2 {x)u is the right side of equation (6.9).
After simple but lengthy calculations, it yields:
H J I(u ,V )  — —{ki -  -- 2^j 2 “
(6T8)
— {k — cI)92 — [ /X  —  C 5 16r%
In order to make the stable closed-loop system attenuate the disturbances, the value 
of HJI should not be larger than zero. Therefore, two propositions can be made:
P roposition  1: For the system (6 .8 ) with the controller presented as equation (6.5), 
if the parameters satisfy that
 ^ ,2 7.  ^ 1 , .2  7^ ^ ___„ / 2 _2 \ ^ „2 ^ki  ^ > 4 ^  +  '=2.*>ma^(c3-C4)-/*>C5 +  Yg;3.
the value of HJI is less than zero, and the system is locally stabilized against distur­
bances with the convergence region of
9i 92~b 9 3  ^  16r^(/x — C5) — 1 (6.19)
Proposition  2: For the system (6 .8 ) with the controller presented as equation (6.5),
if the parameters satisfy that
m ax(c |,c |),7J =  ^ ^ ( l+ S i+ s i+ s D + c i+ î . f  >  0
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the derivative of Lyapunov can be modified as
V  — —ki{cüi — uJidY ~  ^2 (^ 2  — ^ 2dY ~ ^9i ~  ^92
-[^0 :^0 -+  9 i -b 9 2 -b 9 3 ) + cl + ^]gl (6.20)
< 0
Which means the underactuated system can be stabilized by the controller presented 
in equation (6.5). In addition, the value of HJI is:
H J I { u ,  V )  =  - ( f c i  -  ^  -  c D (w i -
“ (^2 -  ~^ ~2j 2 ~  2^)(^2 -  0J2dY (6.21)
- { k -  Cg)pi — {k — c|)p2 — ^93 
< 0
which further indicates that the controller can stabilize the underactuated system glob­
ally against disturbances.
By far. Proposition 1 and Proposition 2 have been mathematically proved.
6.2 Simulations and Analysis
In this section, the effectiveness of the improved cascade discontinuous controller will 
be validated by numerical simulations. Like in other chapters, UoSAT-12 is used as 
an example here. Simulations with same nonzero initial angular velocity and in-orbit 
disturbances set in previous chapters are carried on to validate the effectiveness of 
Proposition 1 and Proposition 2. The simulation results will be compared with those 
presented in Chapter 3.
Since two propositions are proposed in last section, the simulations in this section will 
be divided into two parts: the first part is based on Proposition 1, and the second part 
selects parameters according to Proposition 2.
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6.2 .1  S im ulations based on  P rop o sitio n  1
Two simulations are carried on using the parameters in Proposition 1: one is to validate 
the effectiveness of the controller without any disturbances; the other one is to validate 
the robustness of the controller with both in-orbit disturbances and non-zero initial 
angular velocities. The initial conditions for the two simulations are set as same as 
those in previous chapters.
Results of the first simulation are shown in Fig. 6.1, where it is assumed that there is no 
initial angular velocity and no disturbances. It can be observed from Fig. 6.1 that the 
improved cascade discontinuous controller works effectively. Figure 6.1(d) shows the 
trajectory of attitude [gi,g2 ,9 3 ], which converges to zero within 6000 seconds. Compare 
with those showed in Fig. 3.1 in Chapter 3, the simulation results here indicate that 
this controller can stabilize the attitude of the UoSAT-12 much faster.
The second simulation is carried on with no-zero initial angular velocity and in-orbit 
disturbances, which are more realistic than the first simulation. With the un-modeled 
terms related to initial angular velocity of underactuated axis and in-orbit disturbances, 
the improved cascade discontinuous controller can still stabilize the underactuated at­
titude system if its parameters satisfy Proposition 1. The un-modeled terms and dis­
turbances bring some vibrations into the attitude system, which can be seen from 
Fig. 6.2(a) and Fig. 6.2(d). The simulation is stopped at 6000s since the goal to settle 
the attitude within 1 orbit was set in Chapter 1. If the simulation lasts for a longer 
time, higher pointing accuracy could be achieved. The attitude can converges to a 
small area around zero with time. Compared to Fig. 3.3 in Chapter 3, Figure 6.2 in­
dicates that the improved cascade discontinuous controller can provide higher pointing 
accuracy against disturbances in much shorter time.
Figure 6.3 shows the history of HJI value during the first simulation. With the satisfac­
tory of Proposition 1, the value of HJI keeps smaller than zero, which implies that the 
attitude controller is robust to no-zero initial angular velocity and in-orbit disturbances.
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Figure 6.1: Underactuated attitude control tuning with proposition 1 (no initial angular
velocity, no disturbances)
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6 .2 .2  Sim ulations based on P rop osition  2
In this subsection, simulations are carried on by selecting controller parameters accord­
ing to Proposition 2. Like in last subsection, two simulations are performed to validate 
the effectiveness of the controller under two different assumptions: one is without any 
disturbances; the other one is with in-orbit disturbances and non-zero initial angu­
lar velocities. All the setup for the two simulations are kept same as those in last 
subsection.
Figure 6.4 shows simulation results under the assumption that there is no initial angular 
velocity and no disturbances. With Proposition 2, the improved cascade discontinuous 
controller works effectively as well. The whole attitude system can be stabilized within 
6000 seconds. The simulation results are quite similar with those in Fig. 6.1, which 
indicates that the improved cascade discontinuous controllers satisfies Proposition 1 and 
Proposition 2 has similar performances. The difference between them is the region of 
convergence. The controller that satisfies Proposition 2 can stabilize the underactuated 
attitude system globally, which has been proved mathematically in Section 6.1 but 
cannot be shown through numerical simulations.
The results of the second simulation are shown in Fig. 6.5, where it is assumed that 
there are initial angular velocity and in-orbit disturbances applied on the underactu­
ated attitude system. The results indicate that the improved cascade discontinuous 
controller based on Proposition 2 can stabilize the underactuated system against un- 
modeled terms related to initial angular velocity of underactuated axis and in-orbit 
disturbances. Vibrations caused by in-orbit disturbances can be seen in Fig. 6.5(a) and 
Fig. 6.5(d). Same with the second simulation carried for Proposition 1, the attitude 
could converge to a smaller region if simulation lasts for a longer time. In addition, the 
HJI values, which indicate the robustness of controller, are less than zero all the time 
during the simulation, as shown in Fig. 6.6.
The above simulations show that the improved cascade discontinuous controller, no 
matter it satisfies Proposition 1 or Proposition 2, can stabilize the underactuated atti­
tude system of satellite against unmodeled terms and disturbances. The two proposi­
tions were derived from the principle of Hoo design theory. Based on the it, robustness
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of the existing underactuated controllers can be significantly improved after choosing 
proper Lyapunov functions.
6.3 Conclusion
Underactuated attitude control is supposed to be used on spacecraft when failure hap­
pens with onboard actuators. One main problem with existing underactuated attitude 
control designs is their limited capabilities against disturbances. In order to solve this 
problem, an approach based on the theory of ifoo is proposed in this chapter. Two 
propositions are derived from Hoo theory to improve the robustness of one popular un­
deractuated attitude control design, which was presented by Tsiotras etc. It is proved 
mathematically that the controller satisfying these two propositions respectively can 
stabilize the underactuated attitude system locally or globally. The numerical sim­
ulations show that the improved controllers based on the Hoo theory could provide 
higher pointing accuracy for small satellites against disturbances. This validates the 
effectiveness of the proposed Hoo based approach to improve existing underactuated 
attitude control designs.
Chapter 7
A N ew  M ethod for 
Underactuated A ttitude Control 
Design using Nonlinear Hoo 
Theory
Nonlinear Hoo theory can be used not only to improve the robustness of existing con­
trol systems against disturbances and uncertainties, but also to provide a systematic 
architecture for nonlinear control design. In Chapter 5, the principle of nonlinear Hoo 
design and the approaches to solve HJI equations have been extensively studied. Later 
in Chapter 6, nonlinear Hoo theory was utilized to improve the pointing accuracy of ex­
isting underactuated controllers against disturbances. In this chapter, new controllers 
based on nonlinear Hoo design will be proposed for underactuated attitude control sys­
tem with two reaction wheels. These controllers are derived from various approaches of 
solving nonlinear HJI equations, which were introduced in Chapter 5. Compared with 
Lyapunov-based cascade discontinuous controllers, nonlinear Hoo design is much sim­
pler and more systematic. The effectiveness of nonlinear Hoo design on underactuated 
attitude system will be demonstrated through simulations of UoSAT-12.
1 2 1
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7.1 Nonlinear Hoo Design for Underactuated System  in 
Inertial Pointing M ode
Following the guideline presented in Chapter 5, here new nonlinear Hoo controller will 
be designed for the underactuated attitude stabilization problem.
Recall the system equation (6.8) of UoSAT-12 with only two reaction wheels. This 
system equation is obtained under assumption that the total angular momentum of 
spacecraft is zero. With this assumption,the angular velocity on underactuated axis 
should be zero all time and there is no disturbance in orbit. However, this is not true 
in practice. The angular velocity on underactuated axis cannot be zero exactly at the 
beginning and will be changed by in-orbit disturbance in this axis all the time. In 
order to take the influence of nonzero initial angular velocity on underactuated axis 
into account, angular velocities wi, W2 and attitude parameters gi,g 2 , 9 3  are treated as 
state variables, i.e. x = [cui; lü2] g i’, 9 2 ', gs], disturbances Texti,Text2 and wg as exogenous 
inputs, i.e. w = [Texti'iText2 'i^3 ], reaction wheels’ output torques hi]h 2 as control 
inputs, i.e. u =  [hy, /12I, the underactuated system equation (6.8) can be rewritten as;
Wi
IV2
W3
±l 0 1h 0 0
0 0 1I2 0
= -b + 0 0 X 3 X ^ + X 42
X4 -b 0 0 X 4 X 3 — X 32
X5 X 3 X 5 - X 4  1 X 3 + X 5 X 42 \ 2 2 0 0 2
+
-T Ï  0
0 - A
U l
U2
(7.1)
=  A{x) -F Bi{x)w  -f B 2 {x)u 
Considering about the requirements of control accuracy and avoidance of actuator’s
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saturation, a penalty function is given in the same form with (5.1):
q = Cx  +  D\w  +  D 2 U = Cx  +  D 2 U =
0 0 0 0 0 ’ ’ 0 0 '
0 0 0 0 0 0 0
0 0 0.1 0 0 0 0
0 0 0 0.1 0 X  -b 0 0
0 0 0 0 0.1 0 0
0 0 0 0 0 2.5 0
0 0 0 0 0 0 2.5
u (7.2)
where C, D \ , D 2 are weighting matrix and D\ is set as zero to simplify this problem.
Recall the HJI inequality (5.9) and r still keep as 200, as mentioned in Chapter 5, it 
can be treated as an equation (7.3):
VJA{x) + ^ V J B i (x )B'((x )V ^- '^VJB .,(x )(d ED2)-^B^[x )V^+x '^C'^Cx  = 0 (7.3)
The key of nonlinear Hoo design for underactuated attitude system (7.2) is solving 
equation (7.3). Among many approaches of solving equation (7.3), the four that are 
discussed in Chapter 5, i.e. Taylor series approximation, SDRE, Galerkin approx­
imation and newly proposed energy-compensation approach, are tried here. In the 
following four subsections, the nonlinear Hoo designs of underactuated attitude system 
via these four approaches and the corresponding simulation results will be presented, 
respectively. Then in Section 7.1.5 discussions on these results will be provided.
7.1.1 U n d eractu ated  a ttitu d e  control design  v ia  S D R E  approach
As mentioned in Section 5.2.2, in order to solve the HJI equation (7.3), a state- 
dependent Riccati equation (5.14) should be solved by solving a set of equations (5.15). 
A constant P\ matrix can be obtained by solving the constant Riccati equation in first 
part of equations (5.15); The state-dependent part Pn(x) could be calculated from the 
second part of equations (5.15).
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Choose matrices in equation (5.14) as;
Ai =
0 0 0 0 0
0 0 0 0 0
0.5 0 0 0 0
0 0.5 0 0 0
0 0 0.005 0.005 0
An{x)  =  A{x) — Ai (7.4)
B u ix )  = Bi{x) -  B n (7.5)
1 0 0 
0 1 0 
Bn  =  0 0 0 
0 0 0 
0 0 0.5
and B 2 {x) = B 21 since B 2 {x) is a constant matrix, the state-dependent Riccati equation 
(5.14) is transformed to a constant Ricatti equation:
P i^ i  + A l P i -  P iB 2 i (D lD 2 y B j iP i  + C^C =  0 
and a state-dependent Lyapunov equation;
Pu(x)A'‘ +  A-'^Pn{x) + Q{x) = 0
where
(7.6)
(7.7)
-  B 2 i { D Î D 2 y B j y i + r - ^ B n B f i P i
and
Q{x) = PiA 2 (x) +  A i(x)P i + r -^ P iB iiB t 2 Pi + P i B ^ B i ^ i  + PiBiiB^^Pi-2 -2
The minimum control input is written as;
u =  - ( D l D i y B ' ^ y i x  -  {D ÎD 2 )-^B'iiPix(x)x (7.8)
The maximum disturbance is:
w =  -r~ ^B fiP ix  -  r “ ^ (sfi +  B^)Pn(æ)æ (7.9)
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With the penalty function (7.2) and set r  =  10, Pi can be solved from equation (7.6) 
as:
P i =
354.1827 33.5790 12.3588 2.2872 7.1794
33.5790 376.2514 2.3209 12.8858 7.4105
12.3588 2.3209 0.7984 0.1648 0.5423
2.2872 12.8858 0.1648 0.8167 0.5508
7.1794 7.4105 0.5423 0.5508 2.0460
Since A n { x ) ,B i 2 {x) are state dependent, and P u  derived from equation (7.7) is also 
state dependent, the controller based on nonlinear Hoo design is state dependent as 
well. Different choices of A i ,B n  will lead to different controllers.
Simulations are carried on to validate the nonlinear Hoo design via SDRE approach. 
Results of the first simulation are shown in Fig. 7.1, which indicate that the nonlinear 
Hoo design via SDRE approach can bring the underactuated attitude system to stable 
in case there are no exogenous inputs. However, this controller is quite sensitive to 
initial angular velocity, which can be seen from Fig. 7.2. Here the initial angular 
velocity is set as 0.0001 (rad/s) on all three axes. Therefore, the third simulation is 
carried on to investigate the influence of in-orbit disturbances only. Figure 7.3 shows 
that the controlled underactuated attitude system is robust with in-orbit disturbances. 
Meanwhile, further researches on the choices of Ai, P n ,  P 21 and the region of stability 
are suggested.
7.1.2 U nderact uated  a ttitu d e  control design  v ia  su ccessive  G alerkin
app roxim ation
Successive Galerkin Approximation has the possibility to provide a nonlinear controller 
for underactuated attitude system with two reaction wheels. The successive Galerkin 
approximation algorithm has been described in Section 5.2.3, which is an iterative 
procedure and replies on the initial values of exogenous inputs w and control inputs u.
7.1. Nonlinear Hoo Design for Underactuated System in Inertial Pointing Mode 126
—  x-axis 
y-axis
—  z-axis
™ 40
% 30
-10
-20,
500 1000 
Time (s)
1500 2000
(a)
—  x-ax is  
y-ax is  
— z-a x is
0.4
0,3
0.2
3 -0.1
< -0.2
-0 .3
-0 .4 ,
500 1000 
Time (s)
1500 2000
(b)
0.015
x-ax is
y-ax is
0.01
0.005
c  -0 .0 0 5
- 0.01
-0 .015 ,
500 1000 
Time (s)
1500 2000
(c)
Figure 7.1: Underactuated attitude control with nonlinear Hoo design via SDRE (no
initial angular velocity, no disturbances)
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Figure 7.2: Underactuated attitude control with nonlinear Hoo design via SDRE (with
initial angular velocity but without disturbances)
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Figure 7.3: Underactuated attitude control with nonlinear Hoo design via SDRE (no
initial angular velocity but with disturbances)
7.1. Nonlinear Hoo Design for Underactuated System in Inertial Pointing Mode 129
Here the initial values are defined as:
=
=
0 
0 
0
- X i  -  X 3  
—X2 ~  X4
In addition, the basis functions are defined as:
4> = {xl, xl, xl, xl, xl, X1X2 , X1 X3 , X1X4 , XiX5 ,X2 X3 , X2 X4 , X2 X5 , X3 X4 , X4 X5 } (7.10)
The initial control input can only stabilize the first four states of the underactu­
ated attitude system. The fifth state can stay at any value when the first four states 
are brought into the stable zero points by initial control input u^. With these choices 
of and 0, no convergent solutions for coefficient matrix C exist in successive
Galerkin approximation approach. Therefore, the minimum control inputs and maxi­
mum disturbances cannot be obtained via equations (5.18)and (5.17). In other words, 
a nonlinear Hoo controller cannot be obtained via successive Galerkin approximation 
approach with these choices of u^, and <j). More efforts need to do for the selection 
of basis functions and initial control inputs.
7.1 .3  U nder act u ated  a ttitu d e  control design  v ia  Taylor series approach
As described in Section 5.2.1, when design the nonlinear Hoo controller via Taylor 
series approach, an important step is to solve the Rocatti equation (5.11). Before 
that, the nonlinear term A{x) of underactuated system (7.2) has to be linearized using 
Taylor series expending around an equilibrium point. The first-order expending can 
only describe the nonlinear term A{x) in a small area around the equilibrium point.
7.1. Nonlinear Hoo Design for Underactuated System in Inertial Pointing Mode 130
which leads to a three-order expending around the zero point as:
A(x) =
0  0  0  0  0 0 0
0  0  0  0  0 0 0
^  0  0  0  0 +
X 2 X 5
2
+
X l X ^ + X 2 X 3 X 4
2
0 ^ 0 0 0 X I X ,5 2
X 2 X ^ + X 1 X 3 X 4
2
0  0  0  0  0 — X 1X 4 + X 2X 3 2
X 1 X 3 X , 'S + X 2 X 4 X ,5
2
1st order 
= Ai P  ^ 12(2:)
2nd order 3rd order
(7.11)
However, the Taylor series expending in equation (7.11) makes the Rocatti equation 
(5.11) difficult to be solved since [Ai,B 2 i] is uncontrollable.
Alternatively, the nonlinear matrix A{x) can also be expanded around non-zero points 
for the first two states and zero points for the last three states, for instance, Xo =  
[0.1; 0.1; 0; 0; 0]. Accordingly, A{x) is written as:
A{x) =
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 -0.05 + O.lx^ —(X2—0.1)x5+0.1x3a:4 2
0 5 0 0 0.05
(xi—0.1)X5+0.1X3X4+0.1X^  
2
n 0  n ncc -0.05 0 —(xi—0.1)x4+0.1x3X5+(x2—0.1)x3+0.1x4x52
+
1st order
0
2nd order
(xi—0.1)a:^ -l-(x2—0.1)a:3X4 
2
(x2-0.1)x  ^+ (xi—0.1)X3X4 
2
(xi—0.1)x3X5+(a;2—0.1)X4X5 
2
(7.12)
3rd order 
=  ^ 2  +  ^ 22(3;)
Since Ai  -f ^ 12(0;) = A 2 + ^ 22(2;), A 2 -f ^ 22(2:) is used in the nonlinear HJI inequality
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for the calculation of storage function V{x). The Riccati equation (5.11) is changed to: 
PA2 + A l P  -  P B 2 i(D '^ D p B ’^ iP  +  r -^ B i iB f iP  +  C^C  =  0 (7.13)
If the eigenvalues of [Ai — B 2 i{D^D)~'^B^iPx] are all less than zeros, the whole un-
deractuated attitude system (7.2) can be stabilized.
With the penalty function (7.2) and set r = 10, the Ricatti equation (7.13) is solved 
for P  > 0, which in turn yields the first-order linear controller:
Ul =
—5.4822a:i -f 0.00502:2 — 5.05462:3 -|- 0.05462:4 — 5.00052:5 
0.00502:1 — 5.48222:2 +  0.05462:3 — 5.05462:4 -t- 5.00052:5
The second order V2 can be calculated to obtain the second order term U2 in the 
expansion of the controller. With this, the resultant nonlinear controller is u = u i P u 2 .
Simulations are carried on for the validation of this nonlinear Hoo controller via Taylor 
series. These simulations are implemented with different conditions: the first simula­
tion is under the assumption that there is no initial angular velocity and no in-orbit 
disturbances; the second one is only with initial angular velocity and the third one is 
with both initial angular velocity and in-orbit disturbances. The results of the three 
simulations are shown in Fig. 7.4, Fig. 7.5 and Fig. 7.6, which indicate that the nonlin­
ear Hoo controller derived from Taylor series can stabilize the underactuated attitude 
system effectively under all these three conditions.
7.1 .4  U n d eractu ated  a ttitu d e  control design  v ia  en ergy-com p en sation  
based approach
Similar with the procedure of solving HJI equation via Taylor series, when design the 
nonlinear Hoo controller via energy-compensation based approach, the nonlinear term 
A{x) of underactuated system (7.2) also has to be expended around a nonzero point 
[0.1; 0.1; 0; 0; 0], as in equation (7.13). The corresponding Riccati equation (7.14) to be 
solved has similar structure with equation (7.13), but without the disturbance term:
P A 2  + A I P -  P B 2 i{D ^D )-^bI^P  + =  0 (7.14)
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Figure 7.4: Underactuated attitude control with nonlinear Hoo design via Taylor series
(no initial angular velocity, no disturbances)
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since [A2 , B 2 1 ] is controllable, the matrix P  is positive. A negative [A2 —B 2 i{D'^D)~^B2 1 P1] 
leads to a stable underactuated attitude system. Prom equation (7.14), a positive P± 
matrix can be obtained. In this step, the underactuated attitude system is stabilized 
with minimum control inputs under the assumption that there is no disturbance. In the 
second step, disturbances are taken into account. Extra energy V  = x^P 2 X is needed 
to compensate disturbances and P2 is calculated by equation (5.26). After obtaining 
matrices P\ and P2 , the first order linear controller is written as:
Ul
- 0.99820^1 +  0.13682:2 — 0.02512:3 +  0.00992:4 - 0.02572:5
0.13152:1 - 1.3268 2:2 +  0.00522:3 - 0.04232:4 +  0.00062:5
Higher order parts of nonlinear control inputs can be obtained through the same way 
with the Taylor series approach described in previous subsection.
Simulations are carried out for the nonlinear Hoo controller via energy-compensation 
based approach. The controller via energy-compensation based approach requires 
longer settling time but higher accuracy compared with SDRE and Taylor approxi­
mation approaches, which can be seen from Fig. 7.7, Fig. 7.8 and Fig. 7.9.
7.1.5 D iscu ssions
In light of the results that are presented in Chapter 3 and previous subsections of this 
chapter, it is apparent that both the Lyapunov-based discontinuous controller and the 
nonlinear Hoo controller can render the underactuated attitude system to a desired 
point when the total angular momentum of the spacecraft is zero.
In this section, a comparison between the two control designs is made in terms of: 1) 
influence of the initial angular velocity on the performance and the stability; and 2) 
influence of in-orbit disturbances.
A summary on the influences of parameter choices of the penalty function will be 
provided in Section 7.2.4 of this chapter.
7.1. Nonlinear Hoc Design for Underactuated System in Inertial Pointing Mode 136
—  x-axis  
y-axis
—  z-ax is
S  40
% 30
-10
-20, 1000 
Time (s)
2000500 1500
—  x-ax is  
y-ax is  
— z-a x is
0.4
1? 0.3
0.2
3 -0.1
< -0.2
-0 .3
-0 .4 1000 
Time (s)
500 1500 2000
(b)
0.015
0.01
z  0.005
R -0 .0 0 5
-0.01
-0 .015 , 1000 2000500 1500
- x-ax is  
y-ax is
Time (s)
(c)
Figure 7.7: Underactuated attitude control with nonlinear Hoo design via energy-
compensation based approach (no initial angular velocity, no disturbances)
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Influence of th e  in itia l angu lar velocity a;3(0)
For the nonlinear Hoo control, the initial angular velocity of the underactuated axis,
i.e. 6^ 3 (0 ), is treated as an external perturbation acting on the underactuated system. 
Therefore, as long as ^ 3 (0 ) is smaller than the disturbance calculated at t =  0, the per­
turbation from W3(0) can be compensated by the nonlinear Hoo controller. Compare 
Fig. 7.4 with Fig. 7.5, no obvious differences can be seen. This means the nonlinear 
ffoocontroller via Taylor series approach can not only stabilize the system, but also be 
robust to the initial angular velocity. Similar phenomenon is observed by comparing 
Fig. 7.7 with Fig. 7.8, which indicates that the nonlinear Hoo controller via energy- 
compensated based approach also has robustness to initial angular velocity. However, 
from Fig. 7.1 and Fig. 7.2, it can be found that the nonlinear iJoocontroller via SDRE 
approach only can stabilize the underactuated attitude system when the initial angular 
velocity is zero. This indicates that the perturbation from 0 3^ (0 ) can not be compen­
sated by this controller.
On the other hand, for the Lyapunov-based discontinuous controller, as mentioned in 
Section 3.1.2, W3(0) also can be treated as external perturbation acting on the sys­
tem, but this external perturbation cannot be compensated by the Lyapunov-based 
discontinuous controller. The Lyapunov-based discontinuous control law is sensitive to 
non-zero values of cu3(0), resulting in variations around the desired attitudes (Fig. 3.2). 
The magnitudes of rotations are proportioned to the initial angular velocity ^ 3 (0 ).
Influence of in -o rb it d istu rbances
In practice, the disturbances induced by un-modeled error or external environment 
cannot be ignored. Therefore, it is essential to investigate the influence of disturbances 
on the attitude of underactuated spacecraft. For the Lyapunov-based discontinuous 
controller in Chapter 3, the disturbances on the x and y axes can be compensated; 
while on the underactuated axis the disturbances cannot be compensated because of 
the absence of a control input on this axis. In the case of nonlinear Hoo control, in- 
orbit disturbances can be compensated in all three axes if the disturbances are smaller
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than calculated values. The influence of in-orbit disturbances is similar with influence 
of the initial angular velocity 6 3^ (0 ) ^  0 .
For the nonlinear Hoo controller via SDRE approach, Fig. 7.1 and Fig. 7.3 show that 
this controller is not sensitive to in orbit disturbances. Still there is no obvious difference 
that can be seen from Fig. 7.4 and Fig. 7.6 for the nonlinear Hoo controller via Taylor 
series approach. Figure 7.7 and Fig. 7.9 are also quite similar for the nonlinear Hoo 
controller via energy-compensated based approach. These results indicate that all 
the nonlinear Hoo controllers via SDRE, Taylor series and energy-compensated based 
approaches are robust to in orbit disturbances.
According to the above simulations and discussions, conclusions can be drawn that the 
nonlinear Hoo controllers can not only stabilize the underactuated attitude system, 
but also be robust to un-modeled errors of the system and external disturbances. The 
controller via SDRE approach is sensitive to initial angular velocity. The other two 
controllers can provide certain control accuracies against external disturbances and un- 
modeled system errors. A summary is provided in Table 7.1 for the comparison of 
different approaches. Compared with discontinuous controller presented in Chapter 3, 
nonlinear Hoo controllers are more robust.
7.2 Nonlinear Hoo Design for Underactuated System  in 
A ttitude Tracking M ode
For many practical applications, it is necessary to maneuver the spacecraft from an 
initial orientation to a final orientation following mission-specific requirements. Some 
literatures call this as “tracking problem” [Tsiotras, 1999, Tsiotras and Doumtchenko, 
2000]. For underactuated attitude systems this gives an additional challenge. For 
example, the derivation of the Lyapunov-based discontinuous controller depends on 
the analysis of the model around (gl]g2) = (0 ; 0 ); since the reference trajectory is non­
zero for tracking problems, the control law has to be modified taking into account the 
change in reference. The direct solution is hence impractical for the tracking problem.
In order to solve this problem, Tsiotras and coworkers presented a feasible trajectory
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Table 7.1; Summary of nonlinear Hoo controllers for under actuated attitude control 
with two reaction wheels
Approaches Settling Time Accuracy Robust to
(j(0)
Robust to Td
SDRE S3 300s % 2 deg No Yes
Successive
Galerkin
approximation
Not exist Not exist Not exist Not exist
Taylor
approximation
P3 300S 2 deg Yes Yes
Energy-
compensation
based
% 1500s < 1 deg Yes Yes
generation algorithm through differential flatness, which is used by the under actuated 
spacecraft as reference trajectory for attitude tracking [Tsiotras, 1999, Tsiotras and 
Doumtchenko, 2000]. Although this algorithm can generate trajectories on-line and 
with minimal off-line intervention, the whole control design is performed at a kinematic 
level and, thus, needs additional algorithms to “backstep” the kinematic controllers to 
a dynamic one. The derivations of the feasible trajectory generation algorithm can be 
found in [Tsiotras, 1999, Tsiotras and Doumtchenko, 2000].
Attention here is turned to the Hoo design to show that the proposed framework for 
underactuated design provides a systematic approach of dealing with tracking problems.
For the tracking problem of underactuated attitude system with two reaction wheels.
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the system model can be modified from equation (7.2) as:
r  1 r  1 r w ^
XI 0 1  0 0 0  0 0
W 2
2 : 2 0 0  1 0 0  0  0
X 3 = + 0  0 2 1  0  0
W3
X4 +  ^ X 2 0  0 3 4 3 5 - 3 3
2
0  1  0
W4
3 : 5 0  0
1 + 3 2
2 0  0  1
W5
We
ui
U2
1 0 
0 1 
+  0 0  
0 0 
0 0
=  A{x) +  Bi{x)w  +  B 2 {x)u
and the penalty function is modified from equation (7.2) as:
q =  Cx  +  Diw  +  D 2 U 
0 0 0 0 0
0 0 0 0 0 xi
0 0 0.1 0 0 X2
0 0 0 0.1 0 3:3 +
0 0 0 0 0.1 X4
0 0 0 0 0 xs
0 0 0 0 0
0 0 
0 0 
0 0 
+  0 0  
0 0 
2.5 0 
0 2.5
where {w4 ,W5 ,wq) is set as reference demands.
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 - 1 0 0
0 0 0 0 - 1 0
0 0 0 0 0 - 1
0 0 0 0 0 0
0 0 0 0 0 0
Wi
W2
W3
W4
W5
W6
ui
U2
(7.15)
(7.16)
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Compare system equation (7.16) and the corresponding penalty function (7.17) with 
equation (7.2) and equation (7.2), it can be found that the system models and penalty 
functions for tracking mode and inertial pointing mode are very similar. Therefore, the 
nonlinear Hoo control design of underactuated attitude system for tracking problem 
could follow the same procedures presented in Section 7.1 for inertial pointing. In the 
remaining part of this section, only simulation results will be presented followed by a 
discussion while the procedures will not be duplicated.
7.2.1 U nd eract u ated  a ttitu d e  control design  v ia  S D R E  approach
Three simulations are carried out with the nonlinear Hoo controller obtained via SDRE 
approach. The first simulation is under the assumption that there are no initial angular 
velocity and no disturbance. Simulation results in Fig. 7.10 show that this controller 
works well under ideal assumption. However, as seen from Fig. 7.11 this controller 
is sensitive to initial angular velocity, which is similar with what was seen in the case 
of inertial pointing. Since initial angular velocity induces significant infiuence, in the 
third simulation it is assumed that there are only disturbances exist. Simulation results 
are presented in Fig. 7.12, which indicate that the tracking problem also can be solved 
via SDRE approach if only disturbances exist and initial angular velocity is zero.
7.2 .2  U n d eractu ated  a ttitu d e  control design  v ia  Taylor series approach
For the nonlinear controller obtained via Taylor series approach, the first simulation 
is carried out assuming that there are no initial angular velocity and no disturbance. 
Simulation results in Fig. 7.13 show that this controller can track the desired attitude 
with higher accuracy than the controller via SDRE approach. In addition, two more 
simulations (in Fig. 7.14 and Fig. 7.15) show that it works effectively no matter un- 
modeled system error and external disturbances exist or not.
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Figure 7.10: Underactuated attitude control with nonlinear Hoo design via SDRE for
tracking problem (no initial angular velocity, no disturbances)
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Figure 7.11: Underactuated attitude control with nonlinear Hoo design via SDRE for
tracking problem (with initial angular velocity but without disturbances)
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Figure 7.12; Underactuated attitude control with nonlinear Hoo design via SDRE for
tracking problem (with initial angular velocity and disturbances)
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Figure 7.13: Underactuated attitude control with nonlinear Hoo design via Taylor
series for tracking problem (no initial angular velocity, no disturbances)
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Figure 7.14: Underactuated attitude control with nonlinear Hoo design via Taylor series
for tracking problem (with initial angular velocity but without in-orbit disturbances)
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Figure 7.15: Under actuated attitude control with nonlinear i7oo design via Taylor
series for tracking problem (with initial angular velocity and disturbances)
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7.2 .3  U n d eract u ated  a ttitu d e  control design  v ia  en ergy-com p en sation  
based approach
The last set of simulations is for the nonlinear Hoo control via energy-compensation 
based approach. It can be found from Fig. 7.16, Fig. 7.17 and Fig. 7.18 that this con­
troller can work effectively with or without initial angular velocity and/or disturbances, 
which is similar with the controller via Taylor series approach. However, the nonlin­
ear Hoo control via energy-compensation based approach cannot achieve high tracking 
accuracy.
7.2 .4  D iscu ssions
For the tracking problem, the Lyapunov-based discontinuous control law, proposed by 
Tsiotras initially and modified in Chapter 3, cannot work anymore. Extra efforts are 
needed to design a trajectory for the angular velocities of two active axes as control 
inputs. On the other side, nonlinear Hoo design method can still provide solutions for 
tracking problem, which is validated in this section. In addition, the nonlinear Hoo 
controllers via Taylor series and energy-compensated based approaches are robust to 
the exogenous disturbances.
Another interesting question, also hold for inertial pointing problem, is the infiuences 
of parameter choices in the penalty function. In order to investigate the influences, 
more simulations are implemented for both inertial pointing and tracking problems. 
Since simulation results are quite similar for these two attitude modes and also due to 
the page limitation of the thesis, only a summary of the influences for the nonlinear 
Hoo controller via Taylor series in attitude tracking mode is provided in Table 7.2. 
The first column of the table indicates which parameters are changed compare with the 
parameter values used in Fig. 5.1-5.4, i.e. r = 200, c\ —  C2  = cs = 0, C4  = c  ^ = c q  = 0.1, 
and di = d2 = ds = 2.5.
7.2. Nonlinear Hoo Design for Underactuated System in Attitude Tracking Mode 151
—  x-axis 
y-axis 
— z-axis
-10
-20,
500 1000 
Time (s)
1500 2000
(a )
0.4
0.2
<  - 0.2
-0 .3
-0 .4 ,
1000500 1500 2000
x-ax is
y-ax is
z -a x is
Time (s)
(b)
0.015
—  x-ax is  
y-ax is
0.01
z  0.005
S -0 .0 0 5
- 0.01
-0 .015 ,
500 1000 
Time (s)
1500 2000
(c)
Figure 7.16: Under actuated attitude control with nonlinear Hoo design via energy-
compensation based approach for tracking problem (no initial angular velocity, no in-
orbit disturbances)
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Figure 7.17: Underactuated attitude control with nonlinear Hoo design via energy-
compensation based approach for tracking problem (with initial angular velocity but
without disturbances)
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Figure 7.18: Under actuated attitude control with nonlinear Hoo design via energy-
compensation based approach for tracking problem (with initial angular velocity and
disturbances)
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Table 7.2: The influences of parameter choices in the penalty function
Parameters Td =  0, w (0) =  0 Td =  0, w (0) ^  0 Td f  0 , w (0) ^  0
r  =  300 Higher accuracy 
achieved
Attitude diverged Attitude diverged
r =  100 Large control 
torque needed
Large control 
torque needed
Large control 
torque needed
C3 =  1,C4 =  1,C5 =  1 Higher accuracy 
achieved, but 
large control 
torque needed
Higher accuracy 
achieved, but 
large control 
torque needed
Higher accuracy 
achieved, but 
large control 
torque needed
di = 25, c?2 =  25 Lower accuracy, 
smaller torque 
needed
Lower accuracy, 
smaller torque 
needed
Lower accuracy, 
smaller torque 
needed
Cl =  0.1, C2 =  0.1, C3 =  
0.1
Higher accuracy 
on angular rate, 
lower accuracy on 
euler angle, larger 
torque needed
Higher accuracy 
on angular rate, 
lower accuracy on 
euler angle, larger 
torque needed
Higher accuracy 
on angular rate, 
lower accuracy on 
euler angle, larger 
torque needed
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7.3 Conclusion
Nonlinear Hoo method can be used not only to improve control accuracies of existing 
controllers against disturbances, but also to design new controllers for underactuated 
attitude system. In this chapter, nonlinear Hoo method is used to design controllers 
for underactuated attitude system with two reaction wheels. Different approaches of 
solving the HJI equation are employed to derive nonlinear Hoo controllers for under­
actuated attitude system. Except for the successive Galerkin approximation, other 
three approaches introduced in Chapter 5, i.e. SDRE, Taylor series approximation and 
energy-compensation based approaches, successfully lead to nonlinear Hoo controllers 
for underactuated attitude system. Compared with Lyapunov-based discontinues con­
troller, the nonlinear Hoo design provides a more systematic framework with well 
defined methods for specifying performance and dealing with disturbances.
The nonlinear Hoo control designs via the three aforementioned approaches are applied 
to both inertial pointing and attitude tracking problems. For each problem, simulations 
are carried out with different assumptions on initial angular velocities and existences of 
disturbances. Simulations results show that for both problems the nonlinear Hoo con­
trollers via SDRE are very sensitive to initial angular velocities; while the nonlinear Hoo 
controllers via Taylor series approximation and energy-compensation based approaches 
can not only stabilize the system with initial angular velocity but also attenuate the 
disturbances from both external environment and un-modeled system uncertainties. 
Further comparisons also show that nonlinear Hoo design can give a more stable con­
trolled underactuated system against disturbances than Lyapunov-based discontinues 
controller.
Chapter 8
Conclusions and Future Work
8.1 Conclusions
In this thesis, the problem of attitude control in the case of actuator failure has been 
addressed. An optimal and generic backup strategy for attitude control has been iden­
tified. Following three problems were investigated:
1. What is the optimal attitude control strategy when onboard actuators fail;
2. How to assess the performances of existing underactuated attitude controllers;
3. How to migrate underactuated controllers existed in other fields into spacecraft 
attitude control;
4. How about the performances oî Hoo controllers for attitude control;
5. How to improve the performances of existing underactuated controllers based on 
nonlinear Hoo theory; and
6. How to provide a systematic and generic architecture for designing new controllers 
for underactuated attitude systems.
The researches on underactuated attitude control are carried on using UoSAT-12 as an 
example in this thesis.
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The traditional attitude control strategy dealing with spacecraft actuator’s failure is to 
combine the remaining functional actuators onboard spacecraft. With UoSAT-12 as an 
example and assume that a reaction wheel along the z-axis fails, two backup schemes 
of utilizing the remaining actuators are proposed: one is to synthesize two reaction 
wheels with two magnetorquers, and the other one is to only use three magnetorquers. 
Simulation results for both inertial pointing and nadir pointing modes show that the 
traditional backup strategy often leads to unsatisfactory performances: low accuracy 
and long settling time. For backup attitude control with only magnetorquers, the 
spacecraft can be stabilized within 3 orbits with accuracy lower than 3 degrees; for the 
control with two reaction wheels and magnetorquers, the settling time can be shorted 
to around 2 orbits with similar accuracy. These control performances cannot satisfy all 
mission requirements reviewed in Chapter 1. This indicates that the traditional backup 
strategy is not suitable for attitude control when onboard actuators fail.
Underactuated attitude control, an alternative to the traditional backup strategy, seems 
more promising for attitude control in the case of onboard actuators failure. Existing 
underactuated attitude control method, i.e. Lyapunov-based discontinuous controller 
proposed by Tsiotras etc, is modified and successfully applied on UoSAT-12 without 
saturating the remaining two reaction wheels. Simulation results show that existing 
underactuated attitude controller achieves better performance with two reaction wheels 
than traditional strategies. The attitude could achieve the accuracy of better than 1 
degree in 2 orbits. However, it is more sensitive to initial angular velocity and in-orbit 
disturbance. When initial angular velocity and in-orbit disturbance exist, the control 
accuracy drop to around 5 degrees. The reason the attitude accuracy drop down is 
that the assumption of zero angular momentum of spacecraft cannot be satisfies. In 
this situation, magnetorquers can be used to do angular momentum management or 
how to add robustness to this control method is under seeking. Also, other control 
methods that can provide robustness can be hired. In addition, this Lyapunov-based 
discontinuous controller proposed by Tsiotras etc can only be applied to a system with 
certain dynamic and kenemtic model.
In order to find a controllers with better performances for underactuated attitude sys­
tems, existing control design methods for other underactuated systems are reviewed.
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Two new underactuated attitude controllers are proposed for underactuated attitude 
control with two reaction wheels. Both controllers are based on feedback linearization 
technology and can be used for a broad range of systems. The time-varying control 
design shows promising results that the spacecraft can achieve higher accuracy than
0.5 degree in 1 orbit. The second discontinuous control design is not as good the 
first one. With discontinuous control design, the spacecraft can be 3-axis stabilized 
with 1 degree accuracy in 2 orbits. But, this discontinues control design is sensitive 
to disturbances and nonzero initial angular velocity exist. Compared to Lyapunov- 
based discontinuous controller, the two new methods can achieve higher accuracy and 
faster attitude response. However, robustness is still a significant problem for the two 
proposed underactuated attitude controllers.
Nonlinear Hoo theory provides a systematic and generic platform for the control design 
of nonlinear systems. It also can be hired to improve the attitude control accuracy 
against disturbances and system uncertainties. Therefore, it has great potential for the 
design of the controllers for underactuated attitude systems. Related to nonlinear Hoo 
control design of underactuated attitude systems, three main contributions are made 
in this thesis:
1. A new approach based on energy-compensation is proposed to solve HJI inequal­
ity, which is a critical part of designing a nonlinear Hoo controller. By far 
the primary approaches to solve nonlinear HJI inequalities include Taylor se­
ries approximation, state dependent Ricatti equation, and successive Galerkin 
approximation. Compare with these existing approaches, the proposed energy- 
compensation based approach can guarantee the existences of the solutions to 
nonlinear HJI inequalities. The application of the energy-compensation based 
approach on the stabilization problem of UoSAT-12 show that this approach can 
stabilize the attitude with smaller control inputs and, meanwhile, against larger 
external disturbances. In addition, the good balance between performances and 
resources makes the energy-compensation based approach very efficient for non­
linear systems.
2. An approach based on the theory of FIog is proposed to improve the robustness of
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existing underactuated controllers. Based on the principal of nonlinear Hoo the­
ory, two propositions are made for the Lyapunov-based discontinuous controller. 
It is proved mathematically that the controller satisfying these two propositions 
respectively can stabilize the underactuated attitude system locally or globally. 
Numerical simulations show that the accuracy of underactuated attitude control 
can be improved to below 1 degree against disturbances and un-modeled uncer­
tainties if the two propositions are satisfied. This validates the effectiveness of the 
proposed Hoo based approach to improve existing underactuated attitude con­
trol designs. The modified control design can be used to some earth observation 
mission, like UoSAT-12.
3. Based on nonlinear Hoo theory, new underactuated attitude controllers are de­
veloped via different approaches of solving HJI inequalities. Except for successive 
Galerkin approximation, other three approaches, i.e. Taylor series approxima­
tion, SDRE, and the proposed energy-compensation based approach, can lead to 
nonlinear Hoo controllers for underactuated attitude systems. The performances 
of the controller via SDRE approach depend on the choices of the linear parts 
of system equations. The applications on UoSAT-12 show that the nonlinear 
Hoo control design via Taylor series approximation or the new proposed energy- 
compensation based approach is a much simpler and more systematic way for 
stabilization and tracking problems of underactuated attitude systems. It can 
attenuate the disturbances from both external environment and un-modelled sys­
tem errors. The controllers based on nonlinear Hoo can stabilize the spacecraft 
with 2 degrees accuracy in 500 seconds. These control designs are suitable for 
some mission that require fast maneuver. In addition, nonlinear Hoo control de­
sign provides a well defined method for specifying performances and capacities of 
onboard actuators.
8.2 Future Work
Although much work has been done for underactuated attitude control by far, there 
are still some problems need to be solved. Future work is suggested as below.
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1. The controllers based on feedback linearization technology are quite sensitive to 
external disturbance and un-modeled errors. They also require high precision 
measurements of feedback state of the modeled systems. The approaches to add 
robustness to the controllers based on feedback linearization technology should 
be considered. The tracking problem also needs to be taken in account for the 
control designs based on this technology.
2. There are some open questions in solving nonlinear HJI inequalities. Via SDRE 
approach, the region of convergence and performance of a controller depend on the 
choices of A i ,B i ,B 2 . Bad choices may lead to divergence of the whole controlled 
system. In order to obtain good control performances, it is worth to investigate 
how to choose A i ,B \ ,B 2 . Similar with SDRE approach, Galerkin approach is 
sensitive to basis functions and initial control inputs. Further research should be 
done to explore the influences of different choices of basis functions and initial 
control inputs.
3. In this thesis, researches focus on how to control spacecraft with two reaction 
wheels. This is due to the fact that most spacecraft with high precision attitude 
control are equipped with reaction wheels. Since other advanced actuators, such 
as Control Moment Gyros (CMGs), seem to be more applicable in upcoming mis­
sions, future research on underactuated attitude control can take these actuators 
into account.
4. How to deal with the failures of onboard actuators is the primary topic of this 
thesis. On the other side, onboard attitude sensors may also fail due to unexpected 
reasons. How to use the remaining sensors to obtain high precision attitude 
information is an open question.
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A ppendix A
Derivation of HJI expression  
(6 .19)
The spacecraft system can be written as:
UJI 0 1h 0
W2 0 0 1h
Pi = + 0 0
92 +  'y L z 0 0
93 +  2 li|2a„2 0 0
hi
h2
+
1
h 0 0
0 i  0
0 0 313 :^32
0 0 3293-91
0 0 ^
=  A{x) +  B 2 U +  B\w  
The Lyapunov-based discontinuous controller can be written as:
Textl
Text2
CJ3
(A.1)
and
_  ; , 9293
I2é = -k92 -  / X - l ^  
9i -T 92
(A.2)
^Id
^ 2d
1 +  Pi +  P2 +  P3 
2
1 +  Pi +  P2 +  P3
[(1 +  pi)7ld +  (p3 -  PlP2)72d] 
[(1 +  Pl)72d — (p3 +  PlP2)7ld] (A.3)
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With this controller, the attitude can be expressed as:
93 =  - 9 9 3  (A.4)
Define Lyapunov function as:
^  (wi-WM)" (W2- _ w u f  9± g± g± /AS)
2 2 2 2 2  ^^
Its differential is shown as below:
V  — (wi — UJld){^l — ^Id) +  (^2 — ^2d)(^2 — ^2d) +  PlPl +  9 2 9 2  +  P3p3
=  (wi —    UJid) +  {cü2 — <^2d){—- ^  — ^ 2 d)
B  J2
+ P l ( - % 1  +  9 f T " 2 ) +  P2 ( - % 2  — 9 2 ^ ^  2 ) +  9 3 {~9 9 3 ) (A.6)
Pi "T p2 Pi +  92
The control torque from reaction wheels is:
hi — li^ i(^ i  — ^id) — hl^ld 
}l2 =  P2^2(^2 — ^ 2d) — l 2 ^ 2d
(A.7)
Then the differential of Lyapunov function is:
V  — —ki{uji — u i d Ÿ  — ^2 (^ 2  — <^2dŸ — ^Pi ~ ^pI ~  993  ^  0 (A.8)
Now the stability of the controlled underactuated attitude system is proven. With this 
controller and defined Lyapunov function, HJI expression (6.19) will be derived.
First, HJI expression (6.17) will be derived.
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With
V  < [rvFw  — q^q)dt 
V ^x  < r^xiFw — q^q 
H  =  (A(x) +  B 2 U +  Biw) — {r^uP^w — q^q) < 0
(A.9)
(A.IO)
The expression of H  can be rewritten as:
H  = v J ’A(x) + V jB 2U + V ^ B i ^ B f V , ~ 7 ^ ^ V j ' B i ^ B f V : ,  + q^q
= V^A {x) +  V j  B 2 U +  ^  V f B iB f +  q'^q 
<  0 (A.11)
Until now, the expression of (6.17) is obtained. 
Then the expression for Vx is derived as below:
Vx =
UJi — UJid
CÜ2 ~  ^ 2d
(^1 ~  ^ id )(-% !y) +  (W2 -  W 2d)(-^^) +  gi
(Ul -  U Jld ){-^^)  +  (W2 -  W 2 j)(-^ ^ )  +  92
(Wl -  W ij) ( - ^ ^ )  +  (W2 -  W 2d)(-^^) +  9 3
{uJi — üJid)
(UJ2 — ^ 2d)
91
92
93
~  Lzl 4" U;2
0 0
0 0
+ d c j i d du>2d
d g i d g i
d(jj-\ d doJ2d
dg2 dg2
du)-[ d du>2d
8 9 3 d g3  .
(A.12)
Derivation of HJI expression can be divided into below parts:
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yI[A {x) + B 2 u] = {üJl — Uid) (W2 -  UJ2d) 9l 92 93
+ (cüi — Cüid) (w2 — Cü2 d)
h
I2 k2 {oJ2 —^ 2d)~l2<1^ 2d 
h
■91.92+.93 
2
du>\d
dg\
duj2d 
dgi
 du:\d  duJ2d
dg2 dg2
 duj\d  d(jJ2d
dgz dgs
2 7._2
 klkl {loi ~^ld)-~h^ld
h
I2 k2 (W2 —(^ 2d)-~l2d>2d 
I2
lÿ lw i  +
9 1 9 2 + 9 3  , . _i_ l + g j-Wi + W2
— — — ( jJ id )  — ^2 (+'2 — <^2 d )  —  % i  — %2 ~  9 9 3 (A.13)
1
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4 J 93
1
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i y f  B iS fi4 2  -  ^ (o’! — UJid) (+’2 — +’2d)
0 0 - ^ - ^
n  n  duj2d duJ2d duJ2d
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’B iB f
0 0
0 0
d u j i d duj2d
a g i d g i
doJ id d(jJ2d
dg2 dg2
duJid duJ2d
d g z  d g z
+’1 — +’ld 
LÜ2 — UJ2d
(A.15)
-jZ^yxiBiBiVxi +  -^ V ^ 2 B \B iV x 24r^
1
{uJi — CUid) (W2 — UJ2d)
{UJI — CJld)
(+’2 — ^ 2d)
91
92
93
n n doj^d  duj-[d d u j \ d
^  ^  d g i  d g 2 d g s
n n d(jj2d du>2d d(jJ2d
d g i  d g 2 d g z
(A.16)
Summing all parts to obtain:
H J I  — —ki(u)i — u>id) — k2 {uJ2 — uJ2d) — kgf — — /1 9 3
v2 . . \2
+
< 0
4^ .2 (0 3 ^  +  +  \g l(g l  +  gl + gl +  1)' + 9^9
(A.17)
With
C l ( w i  - L x J i d )  
C2 {iü2 — C0 2 d) 
C391 
C4P2 
C5P3
(A.18)
The derivation of HJI can be expressed as:
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H J I  — —ki(cüi — üJidŸ ~~ ^2 (+ ’2 “  ^ 2d)^ ~ kg\ — kg2 — fig^
\2 . . . \2
+ 4^2 +  gl +  g  +  1)^
+cf (o;i — LüldŸ +  ^2 (^ 2  — UJ2dŸ +  C3P1 +  C4P2 +  C5P3 
< 0 (A.19)
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A ppendix B
Nom enclature
Pi,P2 ,P3 Gibbs to represent attitude
wi, W2 , wg Angular velocity in three axis of spacecraft
Ng Gravity torque
Nm Magnetic torque
Nd Environmental torques except gravity torque and magnetic torque
h Angular momentum of reaction wheels
h Torque produced by reaction wheels
I  Moment of inertia of the spacecraft
Abo Direction matrix from Earth orbit frame to the satellite body frame
CÜO Orbital angular rate
R  Distance from the centre of the Earth to mass centre of spacecraft
M  Controlled dipole moment
m  Magnetic control variable
b, bo, bb Geomagnetic field vector, geomagnetic field vector in orbit frame, geo­
magnetic field vector in spacecraft body frame 
P  Solution od Ricatti equation
C, D Matrices in cost function J
^ 2d Demanded angular velocities
7  Convergence rate
k, n, k\, k2 Control parameters in Lyapunov-based discontinuous control design
V  Lyapunov function and storage function
170
Vx Derivative of Lyapunov function
q Penalty function
C, D i,Ü 2 Matrices in Penalty function
s Supply rate
r Real number in i7oo design
w Exogenous input variables
A{x) System matrix
Ai 1^ * order Taylor approximation of A{x)
Bi{x) Exogenous input matrix
jBi 1®* order Taylor approximation of Bi{x)
B 2 {x) Exogenous input matrix
B 2 order Taylor approximation of B 2 {x)
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